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sé Introduction to Topology -- 1 


This page contains a detailed introduction to basic topology. Starting from scratch (required 
background is just a basic concept of sets), and amplifying motivation from analysis, it first 
develops standard point-set topology (topological spaces). In passing, some basics of 
category theory make an informal appearance, used to transparently summarize some 
conceptually important aspects of the theory, such as initial and final topologies and the 
reflection into Hausdorff and sober topological spaces. We close with discussion of the basics 
of topological manifolds and differentiable manifolds, hence of differential topology, laying 
the foundations for differential geometry. 
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For introduction to more general and abstract homotopy theory see instead at Introduction to 
Homotopy Theory. 
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The idea of topology is to study “spaces” with “continuous functions” between them. 
Specifically one considers functions between sets (whence “point-set topology”, see below) 
such that there is a concept for what it means that these functions depend continuously on 
their arguments, in that their values do not “jump”. Such a concept of continuity is familiar 
from analysis on metric spaces, (recalled below) but the definition in topology generalizes 
this analytic concept and renders it more foundational, generalizing the concept of metric 
spaces to that of topological spaces. (def. 2.3 below). 


Hence, topology is the study of the category whose objects are topological spaces, and 
whose morphisms are continuous functions (see also remark 3.3 below). This category is 
much more flexible than that of metric spaces, for example it admits the construction of 
arbitrary quotients and intersections of spaces. Accordingly, topology underlies or informs 
many and diverse areas of mathematics, such as functional analysis, operator algebra, 
manifold/scheme theory, hence algebraic geometry and differential geometry, and the study 
of topological groups, topological vector spaces, local rings, etc. Not the least, it gives rise to 
the field of homotopy theory, where one considers also continuous deformations of 
continuous functions themselves (“homotopies”). Topology itself has many branches, such as 
low-dimensional topology or topological domain theory. 


A popular imagery for the concept of a continuous function is provided by deformations of 
elastic physical bodies, which may be deformed by stretching them without tearing. The 
canonical illustration is a continuous bijective function from the torus to the surface of a 
coffee mug, which maps half of the torus to the handle of the coffee mug, and continuously 
deforms parts of the other half in order to form the actual cup. Since the inverse function to 
this function is itself continuous, the torus and the coffee mug, both regarded as topological 
spaces, are “the same” for the purposes of topology; one says they are homeomorphic. 


On the other hand, there is no homeomorphism from the torus to, for instance, the sphere, 
signifying that these represent two topologically distinct spaces. Part of topology is 
concerned with studying homeomorphism-invariants of topological spaces (“topological 
properties”) which allow to detect by means of algebraic manipulations whether two 


topological spaces are homeomorphic (or 
more generally homotopy equivalent) or 
not. This is called algebraic topology. A 
basic algebraic invariant is the 
fundamental group of a topological space 
(discussed below), which measures how 
many ways there are to wind loops inside 
a topological space. 


Beware the popular imagery of “rubber-sheet geometry”, which only captures part of the full 
scope of topology, in that it invokes spaces that /ocally still look like metric spaces (called 
topological manifolds, see below). But the concept of topological spaces is a good bit more 
general. Notably, finite topological spaces are either discrete or very much unlike metric 
spaces (example 4.7 below); the former play a role in categorical logic. Also, in geometry, 
exotic topological spaces frequently arise when forming non-free quotients. In order to gauge 
just how many of such “exotic” examples of topological spaces beyond locally metric spaces 
one wishes to admit in the theory, extra “separation axioms” are imposed on topological 
spaces (see below), and the flavour of topology as a field depends on this choice. 


Among the separation axioms, the Hausdorff space axiom is the most popular (see below). 
But the weaker axiom of sobriety (see below) stands out, because on the one hand it is the 
weakest axiom that is still naturally satisfied in applications to algebraic geometry (schemes 
are sober) and computer science (Vickers 89), and on the other, it fully realizes the strong 
roots that topology has in formal logic: sober topological spaces are entirely characterized by 
the union-, intersection- and inclusion-relations (logical conjunction, disjunction and 
implication) among their open subsets (propositions). This leads to a natural and fruitful 
generalization of topology to more general “purely logic-determined spaces”, called /ocales, 
and in yet more generality, toposes and higher toposes. While the latter are beyond the 
scope of this introduction, their rich theory and relation to the foundations of mathematics 
and geometry provide an outlook on the relevance of the basic ideas of topology. 


In this first part we discuss the foundations of the concept of “sets equipped with topology” 
(topological spaces) and of continuous functions between them. 


(classical logic) 


The proofs in the following freely use the principle of excluded middle, hence proof 
by contradiction, and in a few places they also use the axiom of choice/Zorn's 
lemma. 


Hence we discuss topology in its traditional form with classical logic. 


We do however highlight the role of frame homomorphisms (def. 2.36 below) and 
that of sober topological spaces (def. 5.1 below). These concepts pave the way toa 
constructive formulation of topology in terms not of topological spaces but in terms 
of locales (remark 5.8 below). For further reading along these lines see Johnstone 
83. 


(set theory) 


Apart from classical logic, we assume the usual informal concept of sets. The reader 
(only) needs to know the concepts of 


1. subsets $c X; 
2. complements X \ S of subsets; 
3. image sets f(X) and pre-image sets f *(Y) under a function f:X > Y; 


4. unions YU Si and intersections a Si of indexed sets of subsets {S; ¢ X},_,. 
L L 


The only rules of set theory that we use are the 


1. interactions of images and pre-images with unions and intersections 


2. de Morgan duality. 


For reference, we recall these: 
Proposition 0.1. (images preserve unions but not in general intersections) 


Let f:X — Y be a function between sets. Let {S; c X},_, be a set of subsets of X. 


Then 


iel 


1. f( v, Si) 7 (uv f(Sd) (the image under f of a union of subsets is the union of 


the images) 
2. f( o Si) c (9, f(Sd) (the image under f of the intersection of the subsets is 
L 
contained in the intersection of the images). 


The injection in the second item is in general proper. If f is an injective function 
and if I is non-empty, then this is a bijection: 


© (f injective) > (f( 2, S,)= (0, f(Sd)) 
Proposition 0.2. (pre-images preserve unions and intersections) 


Let f:X — Y be a function between sets. Let {T; c Y}.., be a set of subsets of Y. 


Then 


iel 


qd. me! ue T;) = (uf ra) (the pre-image under f of a union of subsets is the 


union of the pre-images), 


2. a o T;) = (0, f *ra) (the pre-image under f of the intersection of the 
subsets is contained in the intersection of the pre-images). 
Proposition 0.3. (de Morgan's law) 
Given a set X and a set of subsets 
(SiC Xie; 


then the complement of their union is the intersection of their complements 


K\(Y Si) = 9, AAS) 


and the complement of their intersection is the union of their complements 
X\(0,S:) = Y\SD- 


Moreover, taking complements reverses inclusion relations: 


($1 CS2) & (X\S2,CX\S). 


1. Metric spaces 


The concept of continuity was first made precise in analysis, in terms of epsilontic analysis on 
metric spaces, recalled as def. 1.8 below. Then it was realized that this has a more elegant 
formulation in terms of the more general concept of open sets, this is prop. 1.14 below. 
Adopting the latter as the definition leads to a more abstract concept of “continuous space”, 
this is the concept of topological spaces, def. 2.3 below. 


Here we briefly recall the relevant basic concepts from analysis, as a motivation for various 
definitions in topology. The reader who either already recalls these concepts in analysis or is 
content with ignoring the motivation coming from analysis should skip right away to the 
section Topological spaces. 


Definition 1.1. (metric space) 


A metric space is 


1. a set X (the “underlying set”); 


2. a function d : X x X > [0,«) (the “distance function”) from the Cartesian product of the 
set with itself to the non-negative real numbers 


such that for all x,y,z € X: 
1. (symmetry) d(x,y) = d(y,x) 


2. (triangle inequality) d(x,z) < d(x,y) + d(y,z). 


3. (non-degeneracy) d(x,y)=0 ©@ x=y 
Definition 1.2. (open balls) 


Let (X,d), be a metric space. Then for every element x € X and every e € R, a positive real 
number, we write 


Bye) = {ye X | d(xy) <e} 


for the open ball of radius e around x. Similarly we write 


B,(6) = {yeX | d(xy) <6} 


for the closed ball of radius e around x. Finally we write 


S,(e) = {fyeX | d@y) =6} 


for the sphere of radius e around x. 


For ¢ = 1 we also speak of the unit open/closed ball and the unit sphere. 


Definition 1.3. For (X,d) a metric space (def. 1.1) then a subset S$ c X is called a bounded 
subset if S is contained in some open ball (def. 1.2) 


SC By(r) 
around some x € X of some radius re R. 


A key source of metric spaces are normed vector spaces: 


Dedfinition 1.4. (normed vector space) 


A normed vector space is 


1. a real vector space V; 


2. a function (the norm) 


Il-ll : V— Rso 


from the underlying set of V to the non-negative real numbers, 


such that for all c € R with absolute value |c| and all v,w € V it holds true that 


1. (linearity) ||cv|| = |cl|lvll; 


2. (triangle inequality) ||v + w|| < |lv|| + |lwll; 


3. (non-degeneracy) if ||v|| = 0 then v = 0. 


Proposition 1.5. Every normed vector space (V,||—||) becomes a metric space according to 
def. 1.1 by setting 


d(x, y) = |lx— yl] - 


Examples of normed vector spaces (def. 1.4) and hence, via prop. 1.5, of metric spaces 
include the following: 


Example 1.6. (Euclidean space) 


For n€N, the Cartesian space 


R” = {X = (x))7_, 1% € R} 


carries a norm (the Euclidean norm ) given by the square root of the sum of the squares of 
the components: 


Via prop. 1.5 this gives R” the structure of a metric space, and as such it is called the 
Euclidean space of dimension n. 


Example 1.7. More generally, fornéN, and p€R, p= 1, then the Cartesian space R” carries 


the p-norm 
WI, =? Yl? 
i 


One also sets 


Il], = max |x;| 
tel 


and calls this the supremum norm. 


The graphics on the right (grabbed from Wikipedia) shows unit 
circles (def. 1.2) in R? with respect to various p-norms. 


By the Minkowski inequality, the p-norm generalizes to non-finite 
dimensional vector spaces such as sequence spaces and 
Lebesgue spaces. 


Continuity 


The following is now the fairly obvious definition of continuity for functions between metric 
spaces. 


Definition 1.8. (epsilontic definition of continuity) 


For (X,dy) and (Y,dy) two metric spaces (def. 1.1), thena 
function Ch) 


f:xX—-Y 


is said to be continuous at a point x € X if for every positive 
real number e¢ there exists a positive real number 6 such 
that for all x’ € X that are a distance smaller than 6 from x 
then their image f(x’) is a distance smaller than e from 


f(x): 


(f continuous atx) = WV | 4 ((dy(%x') <6) => (dy(f(,f(%’)) <6) 


eE€R\ SER 
e>0 \d>0 


The function f is said to be continuous if it is continuous at every point x € X. 
Example 1.9. (distance function from a subset is continuous) 


Let (X,d) be a metric space (def. 1.1) and let S c X be a subset of the underlying set. 
Define then the function 


d(S,-): XR 


from the underlying set X to the real numbers by assigning to a point x € X the infimum of 
the distances from x to s, as s ranges over the elements of S: 


d(S,x) := inf{d(s,x) | s € S}. 


This is a continuous function, with R regarded as a metric space via its Euclidean norm 
(example 1.6). 


In particular the original distance function d(x, —) = d({x}, —) is continuous in both its 
arguments. 


Proof. Let x € X and let « be a positive real number. We need to find a positive real number 6 


such that for y € X with d(x, y) < 6 then |d(S,x) — d(S,y)| <e. 


For s€S and y €X, consider the triangle inequalities 


d(s,x) < d(s,y) + d(y, x) 
d(s,y) < d(s,x) + d(x,y) _ 


Forming the infimum over s € S of all terms appearing here yields 


d(S,x) < d(S,y) + dV, x) 
d(S,y) < d(S,x) + d(x, y) 


which implies 

|d(S,x) —d(S,y)| < d(x, y) . 
This means that we may take for instance d:=e«. I 
Example 1.10. (rational functions are continuous) 


Consider the real line R regarded as the 1-dimensional Euclidean space R from example 
Ly, 


For P € R[X] a polynomial, then the function 
fp: R > R 
x » P(x) 


is a continuous function in the sense of def. 1.8. Hence polynomials are continuous 
functions. 


Similarly rational functions are continuous on their domain of definition: for P,Q € R[X] two 
polynomials, then TPR \ {x1 fg(X) = 0} — R is a continuous function. 
Q 


Also for instance forming the square root is a continuous function V(-):Rzo > Rso. 


On the other hand, a step function is continuous everywhere except at the finite number of 
points at which it changes its value, see example 1.15 below. 


We now reformulate the analytic concept of continuity from def. 1.8 in terms of the simple 
but important concept of open sets: 


Definition 1.11. (neighbourhood and open set) 
Let (X,d) be a metric space (def. 1.1). Say that: 


1. A neighbourhood of a point x € X is a subset U, c X which contains some open ball 
By(e) CU, around x (def. 1.2). 


2. An open subset of X is a subset U c X such that for every x € U it also contains an 
open ball By(e) around x (def. 1.2). 


3. An open neighbourhood of a point x € X is a neighbourhood U,, of x which is also an 
open subset, hence equivalently this is any open subset of X that contains x. 


The following picture shows a point x, some open balls B; containing it, and two of its 
neighbourhoods U;: 


graphics grabbed from Munkres 75 


Example 1.12. (the empty subset is open) 


Notice that for (X,d) a metric space, then the empty subset ¢ c X is always an open subset 
of (X,d) according to def. 1.11. This is because the clause for open subsets U c X says that 
“for every point x € U there exists...”, but since there is no x in U = @, this clause is always 


satisfied in this case. 


Conversely, the entire set X is always an open subset of (X,d). 


Example 1.13. (open/closed intervals) 


Regard the real numbers R as the 1-dimensional Euclidean space (example 1.6). 


For a< b€R consider the following subsets: 


1. (a,b) ={xER]la<x<b} 
2. (a,b) = {x ER|a<x<b} 


3. [a,b) ={xER|la<x<b} 


4. [a b] = {x ERla<x<b} 


(open interval) 
(half-open interval) 
(half-open interval) 


(closed interval) 


The first of these is an open subset according to def. 1.11, the other three are not. The 
first one is called an open interval, the last one a closed interval and the middle two are 


called half-open intervals. 


Similarly for a,b € R one considers 


1. (—00, b) = {x € R| x < b} 
2. (a,~) = {x ER|a< x} 
3. (—«, b] = {x € R| x < b} 


4. [a,) := {x € RJla< x} 


(unbounded open interval!) 
(unbounded open interval) 
(unbounded half-open interval!) 


(unbounded half-open interval) 


The first two of these are open subsets, the last two are not. 


For completeness we may also consider 


@ (—00,00) =R 
°*(aa)=9 10 
which are both open, according to def. 2.3. 


We may now rephrase the analytic definition of continuity entirely in terms of open subsets 
(def. 1.11): 


Proposition 1.14. (rephrasing continuity in terms of open sets) 


Let (X,dy) and (Y,d,) be two metric spaces (def. 1.1). Then a function f:X > Y is continuous 
in the epsilontic sense of def. 1.8 precisely if it has the property that its pre-images of 
open subsets of Y (in the sense of def. 1.11) are open subsets of X: 


(f continuous) = ((Oy CY open) => (f *(Oy) CX open)) . 


principle of continuity 


Continuous pre-Images of open subsets are open. 


Proof. Observe, by direct unwinding the definitions, that the epsilontic definition of 
continuity (def. 1.8) says equivalently in terms of open balls (def. 1.2) that f is continous at 
x precisely if for every open ball By,,)(€) around an image point, there exists an open ball 


B,(6) around the corresponding pre-image point which maps into it: 


(f continuous at x) S RACER By(6)) ¢ Bran (©)) 


Vo ( ,39(Bx() < F *(BFe(©))) 


e>0 
With this observation the proof immediate. For the record, we spell it out: 


First assume that f is continuous in the epsilontic sense. Then for Oy c Y any open subset 
and x € f *(Oy) any point in the pre-image, we need to show that there exists an open 
neighbourhood of x in f~*(Oy). 


That Oy is open in Y means by definition that there exists an open ball By,,)(€) in Oy around 
f(x) for some radius e. By the assumption that f is continuous and using the above 
observation, this implies that there exists an open ball B,(6) in X such that 

f (Bx(6)) © Bros (€) € Y, hence such that By(d) f (Bra) c f *(0y). Hence this is an open 
ball of the required kind. 


Conversely, assume that the pre-image function f * takes open subsets to open subsets. 
Then for every x € X and BFf,)(€) C Y an open ball around its image, we need to produce an 
open ball B,.(6) c X around x such that f(B;(5)) © Bri.) (€). 


But by definition of open subsets, By;,)(€) c Y is open, and therefore by assumption on f its 
pre-image f *(Bya)(€)) ¢ X is also an open subset of X. Again by definition of open subsets, 
this implies that it contains an open ball as required. 


Example 1.15. (step function) 


Consider R as the 1-dimensional Euclidean space 
(example 1.6) and consider the step function 


: 
R —> R sn imcaasiial cartoon scence 


0 |x<0.- 
1 |x>0 


graphics grabbed from Vickers 89 


Consider then for a < b € R the open interval (a,b) c R, an open subset according to 
example 1.13. The preimage H ~‘(a,b) of this open subset is 


@ Ja=>1 or b<0 
R Ja<0O and b>1 
H™*: (a,b) i) |a=>0 and b<1 


(0,0) |O<a<1 and b>1 
(-0,0] |a<0 and b<1 


By example 1.13, all except the last of these pre-images listed are open subsets. 


The failure of the last of the pre-images to be open witnesses that the step function is not 
continuous at x = 0. 


Compactness 


A key application of metric spaces in analysis is that they allow a formalization of what it 


means for an infinite sequence of elements in the metric space (def. 1.16 below) to converge 


to a /Jimit of a sequence (def. 1.17 below). Of particular interest are therefore those metric 
spaces for which each sequence has a converging subsequence: the sequentially compact 


metric spaces (def. 1.20). 


We now briefly recall these concepts from analysis. Then, in the above spirit, we reformulate 
their epsilontic definition in terms of open subsets. This gives a useful definition that 
generalizes to topological spaces, the compact topological spaces discussed further below. 


Definition 1.16. (sequence) 
Given a set X, then a sequence of elements in X is a function 
xX(-) :N—- xX 


from the natural numbers to X. 


A sub-sequence of such a sequence is a sequence of the form 
tx) 
Xi) :NON—X 
for some injection u. 


Definition 1.17. (convergence to limit of a sequence) 


Let (X,d) be a metric space (def. 1.1). Then a sequence 
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xX(-) :N—- xX 
in the underlying set X (def. 1.16) is said to converge to a point x,, € X, denoted 
i> 0 


Xi —~ Xoo 


if for every positive real number e, there exists a natural number n, such that all elements 
in the sequence after the nth one have distance less than e from x. 


i> 0 
< 
(x —— Xa) Se (x(a A(XjXw) S ‘) ; 
e>0 i>n 


Here the point x, is called the /imit of the sequence. Often one writes jim x; for this point. 


Definition 1.18. (Cauchy sequence) 


Given a metric space (X,d) (def. 1.1), then a sequence of points in X (def. 1.16) 


xc): NX 


is called a Cauchy sequence if for every positive real number e there exists a natural 
number n €N such that the distance between any two elements of the sequence beyond 
the nth one is less than e 


(x(-) Cauchy) S (nla iag d(xj,x;) S ‘)) ; 
e>0 ij>N 


Definition 1.19. (complete metric space) 


A metric space (X,d) (def. 1.1), for which every Cauchy sequence (def. 1.18) converges 
(def. 1.17) is called a complete metric space. 


A normed vector space, regarded as a metric space via prop. 1.5 that is complete in this 
sense is called a Banach space. 


Finally recall the concept of compactness of metric spaces via epsilontic analysis: 


Definition 1.20. (sequentially compact metric space) 


A metric space (X,d) (def. 1.1) is called sequentially compact if every sequence in X has a 
subsequence (def. 1.16) which converges (def. 1.17). 


The key fact to translate this epsilontic definition of compactness to a concept that makes 
sense for general topological spaces (below) is the following: 


Proposition 1.21. (sequentially compact metric spaces are equivalently compact 
metric spaces) 


For a metric space (X,d) (def. 1.1) the following are equivalent: 


1. X is sequentially compact; 


2. for every set {U; € X},., of open subsets U; of X (def. 1.11) which cover xX in that 


X= uv U;, then there exists a finite subset J c I of these open subsets which still 
L 


covers X in that also X = cu Ui 
L Cc 


The proof of prop. 1.21 is most conveniently formulated with some of the terminology of 
topology in hand, which we introduce now. Therefore we postpone the proof to below. 


In summary prop. 1.14 and prop. 1.21 show that the purely combinatorial and in particular 
non-epsilontic concept of open subsets captures a substantial part of the nature of metric 
spaces in analysis. This motivates to reverse the logic and consider more general “spaces” 
which are only characterized by what counts as their open subsets. These are the topological 
spaces which we turn to now in def. 2.3 (or, more generally, these are the “locales”, which 
we briefly consider below in remark 5.8). 


2. Topological spaces 


Due to prop. 1.14 we should pay attention to open subsets in metric spaces. It turns out that 
the following closure property, which follow directly from the definitions, is at the heart of the 
concept: 


Proposition 2.1. (closure properties of open sets in a metric space) 


The collection of open subsets of a metric space (X,d) as in def. 1.11 has the following 
properties: 


1. The union of any set of open subsets is again an open subset. 


2. The intersection of any finite number of open subsets is again an open subset. 
Remark 2.2. (empty union and empty intersection) 


Notice the degenerate case of unions uv U; and intersections oO U; of subsets U; c X for the 
L L 


case that they are indexed by the empty set / = @: 
1. the empty union is the empty set itself; 
2. the empty intersection is all of X. 


(The second of these may seem less obvious than the first. We discuss the general logic 
behind these kinds of phenomena below. ) 


This way prop. 2.1 is indeed compatible with the degenerate cases of examples of open 
subsets in example 1.12. 


Proposition 2.1 motivates the following generalized definition, which abstracts away from the 
concept of metric space just its system of open subsets: 


Definition 2.3. (topological spaces) 


Given a set X, then a topology on X is a collection t of subsets of X called the open subsets, 
hence a subset of the power set P(X) 


TC P(X) 
such that this is closed under forming 
1. finite intersections; 


2. arbitrary unions. 
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In particular (by remark 2.2): 
e the empty set @ c X is in t (being the union of no subsets) 
and 
e the whole set X c X itself is in t (being the intersection of no subsets). 


A set X equipped with such a topology is called a topological space. 


Remark 2.4. In the field of topology it is common to eventually simply say “space” as 
shorthand for “topological space”. This is especially so as further qualifiers are added, such 
as “Hausdorff space” (def. 4.4 below). But beware that there are other kinds of spaces in 
mathematics. 


In view of example 2.10 below one generalizes the terminology from def. 1.11 as follows: 
Definition 2.5. (neighbourhood) 


Let (X,t) be a topological space and let x € X be a point. A neighbourhood of x is a subset 
U,,< X which contains an open subset that still contains x. 


An open neighbourhood is a neighbourhood that is itself an open subset, hence an open 
neighbourhood of x is the same as an open subset containing x. 


Remark 2.6. The simple definition of open subsets in def. 2.3 and the simple 
implementation of the principle of continuity below in def. 3.1 gives the field of topology its 
fundamental and universal flavor. The combinatorial nature of these definitions makes 
topology be closely related to formal logic. This becomes more manifest still for the “sober 
topological space” discussed below. For more on this perspective see the remark on /ocales 
below, remark 5.8. An introductory textbook amplifying this perspective is (Vickers 89). 


Before we look at first examples below, here is some common further terminology 
regarding topological spaces: 


There is an evident partial ordering on the set of topologies that a given set may carry: 
Definition 2.7. (finer/coarser topologies) 


Let X be a set, and let t,,t2 € P(X) be two topologies on xX, hence two choices of open 
subsets for X, making it a topological space. If 


Ty CT2 


hence if every open subset of X with respect to 1, is also regarded as open by t,, then one 
says that 


e the topology 7, is finer than the topology rt, 


e the topology 1, is coarser than the topology 7,. 


With any kind of structure on sets, it is of interest how to “generate” such structures from a 
small amount of data: 


Definition 2.8. (basis for the topology) 


Let (x,t) be a topological space, def. 2.3, and let 
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BCT 


be a subset of its set of open subsets. We say that 


1. B is a basis for the topology t if every open subset O €t is a union of elements of £; 


2. B is a sub-basis for the topology if every open subset O € Tt is a union of finite 
intersections of elements of ~. 


Often it is convenient to define topologies by defining some (sub-)basis as in def. 2.8. 
Examples are the the metric topology below, example 2.10, the binary product topology in 
def. 2.19 below, and the compact-open topology on mapping spaces below in def. 8.44. To 
make use of this, we need to recognize sets of open subsets that serve as the basis for some 
topology: 


Lemma 2.9. (recognition of topological bases) 
Let X be a set. 


1. A collection B c P(X) of subsets of X is a basis for some topology t c P(X) (def. 2.8) 
precisely if 


1. every point of X is contained in at least one element of B; 


2. for every two subsets B,,B, € B and for every point x € B, NB, in their 
intersection, then there exists a B € B that contains x and is contained in the 
intersection: x €BCB,NB). 


2. A subset B ct of open subsets is a sub-basis for a topology t on X precisely if t is the 
coarsest topology (def. 2.7) which contains B. 


Examples 


We discuss here some basic examples of topological spaces (def. 2.3), to get a feeling for the 
scope of the concept. But topological spaces are ubiquituous in mathematics, so that there 
are many more examples and many more classes of examples than could be listed. As we 
further develop the theory below, we encounter more examples, and more classes of 
examples. Below in Universal constructions we discuss a very general construction principle 
of new topological space from given ones. 


First of all, our motivating example from above now reads as follows: 


Example 2.10. (metric topology) 


Let (X,d) be a metric space (def. 1.1). Then the collection of its open subsets in def. 1.11 
constitutes a topology on the set X, making it a topological space in the sense of def. 2.3. 
This is called the metric topology. 


The open balls in a metric space constitute a basis of a topology (def. 2.8) for the metric 
topology. 
While the example of metric space topologies (example 2.10) is the motivating example for 


the concept of topological spaces, it is important to notice that the concept of topological 
spaces is considerably more general, as some of the following examples show. 


The following simplistic example of a (metric) topological space is important for the theory 


15 


(for instance in prop. 2.39): 


Example 2.11. (empty space and point space) 


On the empty set there exists a unique topology t making it a topological space according 
to def. 2.3. We write also 


® = (0,19 = {0}) 


for the resulting topological space, which we call the empty topological space. 


On a singleton set {1} there exists a unique topology t making it a topological space 
according to def. 2.3, namelyf 


T= {@, {1}} . 
We write 
= ({1},t = {@, {1}}) 


for this topological space and call it the point topological space. 


This is equivalently the metric topology (example 2.10) on R°, regarded as the 
O0-dimensional Euclidean space (example 1.6). 


Example 2.12. On the 2-element set {0,1} there are (up to permutation of elements) three 
distinct topologies: 


1. the codiscrete topology (def. 2.14) t = {@, {0, 1}}; 


2. the discrete topology (def. 2.14), t = {@, {0}, {1}, {0, 1}}; 


3. the Sierpinski space topology t = {@, {1}, {0, 1}}. 


Example 2.13. The following shows all the topologies on the 3-element set (up to 
permutation of elements) 
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Example 2.14. (discrete and co-discrete topology) 


Let S be any set. Then there are always the following two extreme possibilities of equipping 


X with a topology t c P(X) in the sense of def. 2.3, and hence making it a topological 
space: 


1. t := P(S) the set of a// open subsets; 
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this is called the discrete topology on S, it is the finest topology (def. 2.7) on X, 


we write Disc(S) for the resulting topological space; 17 


2. T = {0,5} the set contaning only the empty subset of S and all of S itself; 


this is called the codiscrete topology on S, it is the coarsest topology (def. 2.7) on X, 


we write CoDisc(S) for the resulting topological space. 


The reason for this terminology is best seen when considering continuous functions into or 
out of these (co-)discrete topological spaces, we come to this in example 3.8 below. 


Example 2.15. (cofinite topology) 


Given a set X, then the cofinite topology or finite complement topology on X is the topology 
(def. 2.3) whose open subsets are precisely 


1. all cofinite subsets S$ c X (i.e. those such that the complement X \ S is a finite set); 


2. the empty set. 


If X is itself a finite set (but not otherwise) then the cofinite topology on X coincides with 
the discrete topology on X (example 2.14). 


We now consider basic construction principles of new topological spaces from given ones: 


1. disjoint union spaces (example 2.16) 


2. subspaces (example 2.17), 


3. quotient spaces (example 2.18) 


4. product spaces (example 2.19). 


Below in Universal constructions we will recognize these as simple special cases of a general 
construction principle. 


Example 2.16. (disjoint union space) 


For {(X;,7;)},-, a set of topological spaces, then their disjoint union 
2, Xet) 


is the topological space whose underlying set is the disjoint union of the underlying sets of 
the summand spaces, and whose open subsets are precisely the disjoint unions of the open 
subsets of the summand spaces. 


In particular, for J any index set, then the disjoint union of J copies of the point space 


(example 2.11) is equivalently the discrete topological space (example 2.14) on that index 
set: 


u * = Disc(/). 


ie 
Example 2.17. (subspace topology) 


Let (X,ty) be a topological space, and let S c X be a subset of the underlying set. Then the 


corresponding topological subspace has S as its underlying set, 
and its open subsets are those subsets of S which arise as 
restrictions of open subsets of X. 


E 


(Us CS open) © ( =| (Us = Ux). 
Ux EtTx 


(This is also called the initial topology of the inclusion map. We 
come back to this below in def. 6.17.) 


The picture on the right shows two open subsets inside the 
square, regarded as a topological subspace of the plane R?: 
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Example 2.18. (quotient topological space) 


Let (X,ty) be a topological space (def. 2.3) and let 
R.-CXxxX 


be an equivalence relation on its underlying set. Then the quotient topological space has 


e as underlying set the quotient set X¥/ ~ , hence the set of equivalence classes, 


and 


e asubset 0 c X/ ~ is declared to be an open subset precisely if its preimage m~1(0) 
under the canonical projection map 


m:X >X/~ 
is open in Xx. 


(This is also called the final topology of the projection z. We come back to this below in 
déf, G.17.. J 


Often one considers this with input datum not the equivalence relation, but any surjection 


mw: X—Y 


of sets. Of course this identifies Y = X/ ~ with (x, ~ x.) © (m(x,) = m(x2)). Hence the 
quotient topology on the codomain set of a function out of any topological space has as 
open subsets those whose pre-images are open. 


To see that this indeed does define a topology on X/ ~ it is sufficient to observe that taking 
pre-images commutes with taking unions and with taking intersections. 


Example 2.19. (binary product topological space) 


For (X1,Tx,) and (X2,Tx,) two topological spaces, then 
their binary product topological space has as v, 
underlying set the Cartesian product xX, x X, of the 
corresponding two underlying sets, and its topology , 
is generated from the basis (def. 2.8) given by the 
Cartesian products U, x U, of the opens U; € 7;. 
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Beware for non-finite products, the descriptions of the product topology is not as simple. 
This we turn to below in example 6.25, after introducing the general concept of limits in 
the category of topological spaces. 


The following examples illustrate how all these ingredients and construction principles may 
be combined. 


The following example examines in more detail below in example 3.31, after we have 
introduced the concept of homeomorphisms below. 


Example 2.20. Consider the real numbers R as the 1-dimensional Euclidean space (example 
1.6) and hence as a topological space via the corresponding metric topology (example 
2.10). Moreover, consider the closed interval [0,1] c R from example 1.13, regarded as a 
subspace (def. 2.17) of R. 


The product space (example 2.19) of this interval with itself 


[0, 1] x [0, 1] 


is a topological space modelling the closed square. The quotient space (example 2.18) of 
that by the relation which identifies a pair of opposite sides is a model for the cylinder. The 
further quotient by the relation that identifies the remaining pair of sides yields a model for 
the torus. 
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Example 2.21. (spheres and disks) 
For n EN write 


e D" for the n-disk, the closed unit ball (def. 1.2) in the n-dimensional Euclidean space 
IR" (example 1.6) and equipped with the induced subspace topology (example 2.17) of 
the corresponding metric topology (example 2.10); 


e S"~1 for the (n-1)-sphere (def. 1.2) also equipped with the corresponding subspace 
topology; 


e i, : S"-1% D” for the continuous function that exhibits this boundary inclusion. 


Notice that 


e S-'=@ is the empty topological space (example 2.11); 


e S°= * U * is the disjoint union space (example 2.16) of the point topological space 
(example 2.11) with itself, equivalently the discrete topological space on two elements 
(example 2.12). 


The following important class of topological spaces form the foundation of algebraic 
geometry: 
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Example 2.22. (Zariski topology on affine space) 


Let k be a field, let n EN, and write k[X,,---,X,] for the set of polynomials in n variables over 
k. 


For F Ck[Xj,-,X,] a subset of polynomials, let the subset V(F) c k” of the n-fold Cartesian 
product of the underlying set of k (the vanishing set of F) be the subset of points on which 
all these polynomials jointly vanish: 


VF) = {lat sdn) ER" | V(r dn) = OF. 


These subsets are called the Zariski closed subsets. 


Write 


Tan = {k"\ VF) Ck” | F CR[Xy,- Xn] 


for the set of complements of the Zariski closed subsets. These are called the Zariski open 
subsets of k”. 


The Zariski open subsets of k" form a topology (def. 2.3), called the Zariski topology. The 
resulting topological space 


a n 
AL = (k"typ) 
is also called the n-dimensional affine space over k. 


More generally: 


Example 2.23. (Zariski topology on the prime spectrum of a commutative ring) 


Let R be a commutative ring. Write Primeldl(R) for its set of prime ideals. For F c R any 
subset of elements of the ring, consider the subsets of those prime ideals that contain F: 


V(F) := {p © Primeldl(R) | F c p}. 


These are called the Zariski closed subsets of Primeldl(R). Their complements are called the 
Zariski open subsets. 


Then the collection of Zariski open subsets in its set of prime ideals 


Tspec(r) © P(Primeldl(R)) 


satisfies the axioms of a topology (def. 2.3), the Zariski topology. 


This topological space 


Spec(R) = (Primeldl(R), Tspeccry) 


is called (the space underlying) the prime spectrum of the commutative ring. 


Closed subsets 


The complements of open subsets in a topological space are called closed subsets (def. 2.24 
below). This simple definition indeed captures the concept of closure in the analytic sense of 
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convergence of sequences (prop. 2.30 below). Of particular interest for the theory of 
topological spaces in the discussion of separation axioms below are those closed subsets 
which are “irreducible” (def. 2.32 below). These happen to be equivalently the “frame 
homomorphisms” (def. 2.36) to the frame of opens of the point (prop. 2.39 below). 


Definition 2.24. (closed subsets) 


Let (X,t) be a topological space (def. 2.3). 


~ 
i 


open closed neither 


1. A subset Sc X is called a closed subset if its 
complement X \ S is an open subset: 


(Sc Xisclosed) © (X\S CX isopen). 
graphics grabbed from Vickers 89 
2. If a singleton subset {x} c X is closed, one says that x is a closed point of xX. 


3. Given any subset S c X, then its topological closure Cl(S) is the smallest closed subset 
containing S: 


Cl(S) = (Co) 


ia) 
CcX closed 
ScC 


4. A subset S c X such that Cl(S) = X is called a dense subset of (X,T). 


Often it is useful to reformulate def. 2.24 of closed subsets as follows: 


Lemma 2.25. (alternative characterization of topological closure) 


Let (X,t) be a topological space and let S c X be a subset of its underlying set. Then a point 
x € X is contained in the topological closure Cl(S) (def. 2.24) precisely if every open 
neighbourhood U,. c X of x (def. 2.5) intersects S: 


UCX\S 
UcX open 


(xECcl(S)) © ( a (xe ») . 


Proof. Due to de Morgan duality (prop. 0.3) we may rephrase the definition of the 
topological closure as follows: 


cis)= A. (6) 


ScC 
CcX closed 
= a) X\U 
UcX\S ( . ) 
UcX open : 


UCX\S 
UcX open 


Proposition 2.26. (closure of a finite union is the union of the closures) 


For I a finite set and {U; ¢ X},_, is a finite set of subsets of a topological space, then 


cy UW) = YW). 
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Proof. By lemma 2.25 we use that a point is in the closure of a set precisely if every open 
neighbourhood (def. 2.5) of the point intersects the set. 


Hence in one direction 


Poe C1(U;) Cc Cl( aa U;) 


because if every neighbourhood of a point intersects all the U;, then every neighbourhood 
intersects their union. 
The other direction 


cl(u Ui) © Y Clu 


is equivalent by de Morgan duality to 


X\ Uc) eX\ AC y Ud 
On left now we have the point for which there exists for each i € / a neighbourhood U,,; which 
does not intersect U;. Since / is finite, the intersection a U,,; is still an open neighbourhood 
of x, and such that it intersects none of the U;, hence such that it does not intersect their 
union. This implis that the given point is contained in the set on the right. 
Definition 2.27. (topological interior and boundary) 


Let (X,t) be a topological space (def. 2.3) and let Sc X be a subset. Then the topological 
interior of S is the largest open subset Int(S) € 7 still contained in S, Int(S) CSc xX: 


Int(S) = U_ (U). 


OcSs 
OcX open 


The boundary dS of S is the complement of its interior inside its topological closure (def. 
2.24): 


aS = Cl(S) \ Int(S) . 


Lemma 2.28. (duality between closure and interior) 


Let (X,t) be a topological space and let S c X be a subset. Then the topological interior of S 
(def. 2.27) is the same as the complement of the topological closure Cl(X \ S) of the 
complement of S: 


X \ Int(S) = CI(X\S) 
and conversely 
X\ Cl(S) = Int(X\S). 


Proof. Using de Morgan duality (prop. 0.3), we compute as follows: 


22 


X \ Int(S) = n( Ws 7 


UcxX open 


= Nn. (X\U) 


UcS 
UcX open 


= 0 .(C) 


CD X\S 
Cclosed 
= Cl(X\S) 
Similarly for the other case. [J 


Example 2.29. (topological closure and interior of closed and open intervals) 


Regard the real numbers as the 1-dimensional Euclidean space (example 1.6) and 
equipped with the corresponding metric topology (example 2.10) . Let a< b eR. Then the 
topological interior (def. 2.27) of the closed interval [a,b] c R (example 1.13) is the open 
interval (a,b) C R, moreover the closed interval is its own topological closure (def. 2.24) 
and the converse holds (by lemma 2.28): 


Cl((a,b)) = [a,b] —_—‘ Int((a,b)) = (ab) 
Ci{iatl)=Iab) t(fasl) = By 


Hence the boundary of the closed interval is its endpoints, while the boundary of the open 
interval is empty 


A[a,b] ={a}U{b} d(a,b)=9. 


The terminology “closed” subspace for complements of opens is justified by the following 
statement, which is a further example of how the combinatorial concept of open subsets 
captures key phenomena in analysis: 


Proposition 2.30. (convergence in closed subspaces) 


Let (X,d) be a metric space (def. 1.1), regarded as a topological space via example 2.10, 
and let Vc X be a subset. Then the following are equivalent: 


1.V cX is a closed subspace according to def. 2.24. 


2. For every sequence x; €V < X (def. 1.16) with elements in V, which converges as a 
sequence in X (def. 1.17) to some x, € X, we have x» EVCX. 


Proof. First assume that V c X is closed and that x, 3 Xo for some x, € X. We need to show 
that then x,, € V. Suppose it were not, hence that x, € X \V. Since, by assumption on V, this 
complement X\V c X is an open subset, it would follow that there exists a real number e > 0 
such that the open ball around x of radius e were still contained in the complement: 

By(€) c X \V. But since the sequence is assumed to converge in xX, this would mean that 
there exists N, such that all x;y, are in B.(e), hence in X\V. This contradicts the assumption 
that all x; are in V, and hence we have proved by contradiction that x, EV. 


Conversely, assume that for all sequences in V that converge to some x,. € X thenx,. EVCX. 
We need to show that then V is closed, hence that X \V c X is an open subset, hence that for 
every x € X \ V we may find a real number e > 0 such that the open ball By(e) around x of 
radius e¢ is still contained in X \ V. Suppose on the contrary that such e did not exist. This 
would mean that for each k € N with k = 1 then the intersection B.(1/k) NV were non-empty. 
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Hence then we could choose points x, € By(1/k) NV in these intersections. These would form 
a sequence which clearly converges to the original x, and so by assumption we would 
conclude that x € V, which violates the assumption that x € X \ V. Hence we proved by 
contradiction X\V isin fact open. 


Often one considers closed subsets inside a closed subspace. The following is immediate, but 
useful. 


Lemma 2.31. (subsets are closed in a closed subspace precisely if they are closed in 
the ambient space) 


Let (X,t) be a topological space (def. 2.3), and let Cc X be a closed subset (def. 2.24), 
regarded as a topological subspace (C,tT,,,) (example 2.17). Then a subset S c C is a closed 
subset of (C,ts,,) precisely if it is closed as a subset of (X,t). 


Proof. If S < C is closed in (C,t,,,) this means equivalently that there is an open subset V CC 
iN (C,Tsyp) Such that 


S=C\V. 


But by the definition of the subspace topology, this means equivalently that there is a subset 
U c X which is open in (X,t) such that V = UNC. Hence the above is equivalent to the 


existence of an open subset U c X such that 
S=C\V 
=C\(UNC). 
=C\U 
But now the condition that C itself is a closed subset of (X,t) means equivalently that there is 


an open subset Wc X with C = X \W. Hence the above is equivalent to the existence of two 
open subsets W,U c X such that 


S=(X\W)\U=X\(WUU). 
Since the union W UU is again open, this implies that S is closed in (X,7). 


Conversely, that S c X is closed in (X,t) means that there exists an open T c X with 
S=X\TcX. This means that S=SNC=(X\T)NC=C\T=C\ (TNC), and since TNC is open 
in (C,Tsup) by definition of the subspace topology, this means that S c C is closed in 

(C, Tsup)- | 


A special role in the theory is played by the “irreducible” closed subspaces: 


Definition 2.32. (irreducible closed subspace) 


A closed subset S$ c X (def. 2.24) of a topological space X is called irreducible if it is non- 
empty and not the union of two closed proper (i.e. smaller) subsets. In other words, a 
non-empty closed subset S$ c X is irreducible if whenever S,,5, c X are two closed subspace 
such that 


S=S,US, 
then S, =S or S, =S. 


Example 2.33. (closures of points are irreducible) 
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For x € X a point inside a topological space, then the closure Cl({x}) of the singleton subset 
{x} c X is irreducible (def. 2.32). 


Example 2.34. (no nontrivial closed irreducibles in metric spaces) 


Let (X,d) be a metric space, regarded as a topological space via its metric topology 
(example 2.10). Then every point x € X is closed (def 2.24), hence every singleton subset 
{x} c X is irreducible according to def. 2.33. 


Let R be the 1-dimensional Euclidean space (example 1.6) with its metric topology 
(example 2.10). Then for a < cc R the closed interval [a,c] < R (example 1.13 ) is not 
irreducible, since for any b € R with a < b <c it is the union of two smaller closed 
subintervals: 


[a,c] = [a,b] U[b,c]. 


In fact we will see below (prop. 5.3) that in a metric space the singleton subsets are 
precisely the only irreducible closed subsets. 


Often it is useful to re-express the condition of irreducibility of closed subspaces in terms of 
complementary open subsets: 


Proposition 2.35. (irreducible closed subsets in terms of prime open subsets) 


Let (X,t) be a topological space, and let P €t be a proper open subset of X, hence so that 
the complement F = X \ P is a non-empty closed subspace. Then F is irreducible in the 
sense of def. 2.32 precisely if whenever U,,U, € t are open subsets with U, NU, c P then 
U,cC Poru,cP: 


(X \ P irreducible) © ( Y. ((U,; NU, CP) > (U, Cc Por U, =): 
»U2QET 


U4 
The open subsets P c X with this property are also called the prime open subsets in ty. 

Proof. Observe that every closed subset F; c F may be exhibited as the complement 

F, = F\U; 


of some open subset U; € t with respect to F. Observe that under this identification the 
condition that U; NU, c P is equivalent to the condition that F, UF, =F, because it is 
equivalent to the equation labeled (« ) in the following sequence of equations: 
F,UF, =(F\U,)U (FF \ U2) 
= (X\ (PUU,)) U(X\ PUU;) 
= X\((PUU,)N(PUU2)) 
=X\(PU(U,NU2)) 


Oy\p 


=F. 


Similarly, the condition that U; c P is equivalent to the condition that F; = F, because it is 
equivalent to the equality (*) in the following sequence of equalities: 


F,=F\U;,; 


=X\(PUU;) 
e ; 26 
= X\P 


=F 
Under these identifications, the two conditions are manifestly the same. ff 


We consider yet another equivalent characterization of irreducible closed subsets, prop. 2.39 
below, which will be needed in the discussion of the separation axioms further below. Stating 
this requires the following concept of “frame” homomorphism, the natural kind of 
homomorphisms between topological spaces if we were to forget the underlying set of points 
of a topological space, and only remember the set ty with its operations induced by taking 
finite intersections and arbitrary unions: 


Definition 2.36. (frame homomorphisms) 


Let (X,ty) and (Y,t,) be topological spaces (def. 2.3). Then a function 


Ty —Ty: 


between their sets of open subsets is called a frame homomorphism from ty to ty if it 
preserves 


1. arbitrary unions; 


2. finite intersections. 


In other words, ¢ is a frame homomorphism precisely if 


1. for every set J and every I-indexed set {U; € ty}.., of elements of ty, then 


iel 


o(UUi) = YOU) Ere, 


iel 


2. for every finite set J and every J-indexed set {U; € ty},., of elements in ty, then 


jes 


o( n u;) = 00) ety. 


jes 
Remark 2.37. (frame homomorphisms preserve inclusions) 


A frame homomorphism ¢ as in def. 2.36 necessarily also preserves inclusions in that 


e for every inclusion U, c Uz with U,,U, € ty c P(Y) then 
$1) © (U2) € Ty. 
This is because inclusions are witnessed by unions 
(U, CU,) & (U, UU, =U) 
or alternatively because inclusions are witnessed by finite intersections: 
(U, CU,) © (UU, NU, =U;). 
Example 2.38. (pre-images of continuous functions are frame homomorphisms) 


Let (X,ty) and (Y,ty) be two topological spaces. One way to obtain a function between their 
sets of open subsets 


Tx —Ty: 
is to specify a function 
f:X —Y 


of their underlying sets, and take ¢ := f * to be the pre-image operation. A priori this is a 
function of the form 


P(Y) — P(X): f* 


and hence in order for this to co-restrict to ty c P(X) when restricted to ty c P(Y) we need 
to demand that, under f, pre-images of open subsets of Y are open subsets of Z. Below in 
def. 3.1 we highlight these as the continuous functions between topological spaces. 


f? Gy 0) 


In this case then 


Ty Ty: f 


is a frame homomorphism from ty to ty in the sense of def. 2.36, by prop. 0.2. 


For the following recall from example 2.11 the point topological space « = ({1},t, = {@, {1}}). 


Proposition 2.39. (irreducible closed subsets are equivalently frame 
homomorphisms to opens of the point) 


For (X,t) a topological space, then there is a natural bijection between the irreducible 
closed subspaces of (X,t) (def. 2.32) and the frame homomorphisms from t,x to t,, and this 
bijection is given by 


FrameHom(ty,T,) —  IrrClSub(X) 
p mH X\ (Uo) 


where Ug(¢) is the union of all elements U € t, such that @(U) = @: 


Ug(?) = ~U_ (UU). 


Uetx 
pU)=o 


See also (Johnstone 82, II 1.3). 


Proof. First we need to show that the function is well defined in that given a frame 
homomorphism @¢:tx > t, then X \ Ug(@) is indeed an irreducible closed subspace. 


To that end observe that: 
(+) If there are two elements U,,Uz € Tx, with U,N Uz € Ug(¢) then U, c Ug(@) or Uz € Ug(9). 
This is because 


$(U1) N P(U2) = P(U, N U2) 
C P(Ug()) , 
=@ 


where the first equality holds because ¢ preserves finite intersections by def. 2.36, the 
inclusion holds because @¢ respects inclusions by remark 2.37, and the second equality holds 
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because @ preserves arbitrary unions by def. 2.36. But in t, = {G, {1}} the intersection of two 
open subsets is empty precisely if at least one of them is empty, hence #(U,) = @ or 
o(U2) = @. But this means that U, c Ug(¢) or Uz C Ug(¢), as claimed. 


Now according to prop. 2.35 the condition (*) identifies the complement X \ Ug(#) as an 
irreducible closed subspace of (X,r). 


Conversely, given an irreducible closed subset X \ Uy), define ¢ by 


® |ifUCU, 
@:Unr% : 
{1} | otherwise 
This does preserve 
1. arbitrary unions 
because ¢( U U;) = {0} precisely if V U; ¢ Ug which is the case precisely if all U; c Uy, 


which means that all #(U;) = @ and because Uo = 0; 


while @( U U,) = {1} as soon as one of the JU; is not contained in Uy, which means that 
L 
one of the #(U;) = {1} which means that U Ui) = {1}; 
2. finite intersections 


because if U; NU, c Uy, then by (*) U, € Up or Uz, E Uy, whence ¢(U,) = @ or d(U2) = @, 
whence with @(U;, nN Uz) = @ also $(U,)N @(Uz) =O; 


while if U; NU, is not contained in U, then neither U, nor Uz is contained in Uy, and 
hence with @(U; N Uz) = {1} also #(U,) N P(U2) = {1} N {1} = {1}. 


Hence this is indeed a frame homomorphism ty > 7,. 


Finally, it is clear that these two operations are inverse to each other. §§ 


3. Continuous functions 


With the concept of topological spaces in hand (def. 2.3) it is now immediate to formally 
implement in abstract generality the statement of prop. 1.14: 


principle of continuity 


Continuous pre-Images of open subsets are open. 


Definition 3.1. (continuous function) 
A continuous function between topological spaces (def. 2.3) 


f(% Tx) > (Ty) 


is a function between the underlying sets, 


f:X —~Y 
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such that pre-images under f of open subsets of Y are open subsets of X. 


We may equivalently state this in terms of closed subsets: 


Proposition 3.2. Let (X,ty) and (Y,ty) be two topological spaces (def. 2.3). Then a function 


f:x—-Y 


between the underlying sets is continuous in the sense of def. 3.1 precisely if pre-images 
under f of closed subsets of Y (def. 2.24) are closed subsets of X. 


Proof. This follows since taking pre-images commutes with taking complements. 


Before looking at first examples of continuous functions below we consider now an informal 
remark on the resulting global structure, the “category of topological spaces”, remark 3.3 
below. This is a language that serves to make transparent key phenomena in topology which 
we encounter further below, such as the Tn-reflection (remark 4.24 below), and the 
universal constructions. 


Remark 3.3. (concrete category of topological spaces) 


For X,,X,,X, three topological spaces and for 


Moo. and. ox: 


two continuous functions (def. 3.1) then their composition 


f°, : X4 % Le a 
is clearly itself again a continuous function from xX, to X3. 
Moreover, this composition operation is clearly associative, in that for 
Yo a Bom ae BO, 
three continuous functions, then 


fo7° GF o° f= Ue eo) sf, 41 Xa 


Finally, the composition operation is also clearly unital, in that for each topological space X 
there exists the identity function idy:X — X and for f:X; > Xz any continuous function then 


idy, of =f = foidy, . 
One summarizes this situation by saying that: 


1. topological spaces constitute the objects, 


2. continuous functions constitute the morphisms (homomorphisms) 


of a category, called the category of topological spaces (“Top” for short). 


It is useful to depict collections of objects with morphisms between them by diagrams, like 
this one: 
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There are other categories. For instance ef 
there is the category of sets (“Set” for Sales 
short) whose (gef) 


1. objects are sets, 


2. morphisms are plain functions between these. 
The two categories Top and Set are different, but related. After all, 


1. an object of Top (hence a topological space) is an object of Set (hence a set) equipped 
with extra structure (namely with a topology); 


2. a morphism in Top (hence a continuous function) is a morphism in Set (hence a plain 
function) with the extra property that it preserves this extra structure. 


Hence we have the underlying set assigning function 
U 
Top — Set 
(X,T) > X 
from the class of topological spaces to the class of sets. But more is true: every continuous 


function between topological spaces is, by definition, in particular a function on underlying 
sets: 


U 
Top — Set 


(Xt) > X 
fl wm 
(ity) oo 


and this assignment (trivially) respects the composition of morphisms and the identity 
morphisms. 


Such a function between classes of objects of categories, which is extended to a function 
on the sets of homomorphisms between these objects in a way that respects composition 
and identity morphisms is called a functor. If we write an arrow between categories 


U : Top — Set 


then it is understood that we mean not just a function between their classes of objects, but 
a functor. 


The functor U at hand has the special property that it does not do much except forgetting 
extra structure, namely the extra structure on a set X given by a choice of topology ty. 
One also speaks of a forgetful functor. 


This is intuitively clear, and we may easily formalize it: The functor U has the special 
property that as a function between sets of homomorphisms (“hom sets”, for short) it is 


injective. More in detail, given topological spaces (X,ty) and (Y,ty) then the component 
function of U from the set of continuous function between these spaces to the set of plain 
functions between their underlying sets 


continuous U 
function Y, ty) {x function y} 


{(%,t2) 


is an injective function, including the continuous functions among all functions of 
underlying sets. 


A functor with this property, that its component functions between all hom-sets are 
injective, is called a faithful functor. 


A category equipped with a faithful functor to Set is called a concrete category. 


Hence Top is canonically a concrete category. 


Example 3.4. (product topological space construction is functorial) 


For € and D two categories as in remark 3.3 (for instance Top or Set) then we obtain a new 
category denoted € x D and called their product category whose 


1. objects are pairs (c,d) with c an object of C and d an object of D; 


e morphisms are pairs (f,g) : (c,d) > (c’,d’) with f:c > c' a morphism of C and g:d-d' a 
morphism of D, 


e composition of morphisms is defined pairwise (f',9')° (f,g) = (f' °f,g' °g). 


This concept secretly underlies the construction of product topological spaces: 


Let (X1,tx,), (X2,Tx,), WsTy,) and (Y2,ty,) be topological spaces. Then for all pairs of 
continuous functions 


fy? Gyte) — City) 
and 
f, 2? Gite) @ Cat) 


the canonically induced function on Cartesian products of sets 


eer 
A, sa SS yo xx, 


(X1,X2) 4% (f,%1), f,(%2)) 


is clearly a continuous function with respect to the binary product space topologies (def. 
2.19) 


£, Xf. : 1 * Xa Tx, xx.) 7 1 X Ya ty, xy.) - 


Moreover, this construction respects identity functions and composition of functions in both 
arguments. 


In the language of category theory (remark 3.3), this is summarized by saying that the 
product topological space construction (—) x (—) extends to a functor from the product 


category of the category Top with itself to itself: 


(—) x (—) : Top x Top — Top. 
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We discuss here some basic examples of continuous functions (def. 3.1) between topological 
spaces (def. 2.3) to get a feeling for the nature of the concept. But as with topological spaces 
themselves, continuous functions between them are ubiquituous in mathematics, and no list 
will exhaust all classes of examples. Below in the section Universal constructions we discuss 
a general principle that serves to produce examples of continuous functions with prescribed 
“universal properties”. 


Example 3.5. (point space is terminal) 


For (X,t) any topological space, then there is a unique continuous function 


1. from the empty topological space (def. 2.11) xX 


q! 
o—— x 


2. from X to the point topological space (def. 2.11). 


4! 
X —— +* 


In the language of category theory (remark 3.3), this says that 


1. the empty topological space is the initial object 


2. the point space « is the terminal object 


in the category Top of topological spaces. We come back to this below in example 6.12. 
Example 3.6. (constant continuous functions) 


For (X,t) a topological space then for x € X any element of the underlying set, there is a 
unique continuous function (which we denote by the same symbol) 


x:%* OX 


from the point topological space (def. 2.11), whose image in X is that element. Hence 
there is a natural bijection 


{. 4x | f continuous} ~ X 


between the continuous functions from the point to any topological space, and the 
underlying set of that topological space. 


More generally, for (X,ty) and (Y,ty) two topological spaces, then a continuous function 
X > Y between them is called a constant function with value some point y € Y if it factors 
through the point spaces as 


a! y 
const, :X¥ > * > Y. 


Definition 3.7. (locally constant function) 


For (X,tx), (Y¥,Ty) two topological spaces, then a continuous function f:(X,ty) > (Y,ty) (def. 
3.1) is called locally constant if every point x € X has a neighbourhood (def. 2.5) on which 
the function is constant. 


Example 3.8. (continuous functions into and out of discrete and codiscrete spaces) 


Let S be a set and let (X,t) be a topological space. Recall from example 2.14 


1. the discrete topological space Disc(S); 


2. the co-discrete topological space CoDisc(S) 


on the underlying set S. Then continuous functions (def. 3.1) into/out of these satisfy: 


1. every function (of sets) Disc(S) — X out of a discrete space is continuous; 
2. every function (of sets) X — CoDisc(S) into a codiscrete space is continuous. 


Also: 


e every continuous function (X,t) — Disc(S) into a discrete space is locally constant (def. 
3.7). 


Example 3.9. (diagonal) 


For X a set, its diagonal A, is the function from X to the Cartesian product of X with itsef, 
given by 


A 
x 3 yxy 


x » (x,x) 


For (X,t) a topological space, then the diagonal is a continuous function to the product 
topological space (def. 2.19) of X with itself. 


Ay : (X%,T) > (XXX, Txx x). 


To see this, it is sufficient to see that the preimages of basic opens U, x Uz in ty,y are in Ty. 


But these pre-images are the intersections U; NU, c X, which are open by the axioms on 
the topology ty. 


Example 3.10. (image factorization) 


Let f : (X,tx) — (Y,ty) be a continuous function. 


Write f(X) c Y for the image of f on underlying sets, and consider the resulting 
factorization of f through f(X) on underlying sets: 


surjective injective 


f : X — f(X) —Y . 
There are the following two ways to topologize the image f(X) such as to make this a 
sequence of two continuous functions: 


1. By example 2.17 f(X) inherits a subspace topology from (Y,ty) which evidently makes 
the inclusion f(X) — Y a continuous function. 


Observe that this also makes X > f(X) a continuous function: An open subset of f(X) 
in this case is of the form Uy n f(X) for Uy € ty, and f ‘(Uy n f(X)) = f *(Uy), which is 
open in X since f is continuous. 


2. By example 2.18 f(X) inherits a quotient topology from (X,tx) which evidently makes 
the surjection X — f(X) a continuous function. 
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Observe that this also makes f(X) — Y a continuous function: The preimage under this 
map of an open subset Uy € ty is the restriction Uy n f(X), and the pre-image of that 
under X > f(X) is f *(Uy), as before, which is open since f is continuous, and 
therefore Uy n f(X) is open in the quotient topology. 


Beware, in general a continuous function itself (as opposed to its pre-image function) neither 
preserves open subsets, nor closed subsets, as the following examples show: 


Example 3.11. Regard the real numbers R as the 1-dimensional Euclidean space (example 
1.6) equipped with the metric topology (example 2.10). For a € R the constant function 
(example 3.6) 


constg 


R — R 


x ad a 
maps every open subset U c R to the singleton set {a} c R, which is not open. 


Example 3.12. Write Disc(R) for the set of real numbers equipped with its discrete topology 
(def. 2.14) and R for the set of real numbers equipped with its Euclidean metric topology 
(example 1.6, example 2.10). Then the identity function on the underlying sets 


idp : Disc(R) — R 


is a continuous function (a special case of example 3.8). A singleton subset {a} € Disc(R) is 
open, but regarded as a subset {a} € R it is not open. 


Example 3.13. Consider the set of real numbers R equipped with its Euclidean metric 
topology (example 1.6, example 2.10). The exponential function 


exp(—): R—R 


maps all of R (which is a closed subset, since R = R\ @) to the open interval (0,0) CR, 
which is not closed. 


Those continuous functions that do happen to preserve open or closed subsets get a special 
name: 


Definition 3.14. (open maps and closed maps) 


A continuous function f:(X,ty) > (Y,ty) (def. 3.1) is called 


e an open map if the image under f of an open subset of X is an open subset of Y; 


e a closed map if the image under f of a closed subset of X (def. 2.24) is a closed 
subset of Y. 


Example 3.15. (image projections of open/closed maps are themselves 
open/closed) 


If a continuous function f:(X,ty) > (Y,ty) is an open map or closed map (def. 3.14) then so 
its its image projection X > f(X) CY, respectively, for f(x) c Y regarded with its subspace 
topology (example 3.10). 


Proof. If f is an open map, and O c X is an open subset, so that f(0) c Y is also open in Y, 
then, since f(O) = f(0) Nn f(X), it is also still open in the subspace topology, hence X > f(X) is 


an open map. 


If f is a closed map, and C c X is a closed subset so that also f(C) c Y is a closed subset, then 
the complement Y \ f(C) is open in Y and hence (Y \ f(C)) Nf(X) = f(X) \ f(C) is open in the 
subspace topology, which means that f(C) is closed in the subspace topology. 


Example 3.16. (projections are open continuous functions ) 


For (X1,Tx,) and (X2,Tx,) two topological spaces, then the projection maps 


pr, : (X1 X X2,Tx, xx.) > (Xi Tx;) 


out of their product topological space (def. 2.19) 


X,XX, > X, 
(%4,%2) + Xy 


X,xXX2 > Xz 
(X1,X2) > X2 


are open continuous functions (def. 3.14). 


This is because, by definition, every open subset O c X, x X, in the product space topology 
is a union of products of open subsets U; € X; and V; € X, in the factor spaces 


Os (U; x Vi) 
and because taking the image of a function preserves unions of subsets 


pr, ( uy (U; x Vi)) = pr, (U; x Vi) 


= UU; 


tel 


Below in prop. 8.29 we find a large supply of closed maps. 


Sometimes it is useful to recognize quotient topological space projections via saturated 
subsets (essentially another term for pre-images of underlying sets): 


Definition 3.17. (saturated subset) 


Let f : X — Y bea function of sets. Then a subset S c X is called an f-saturated subset (or 
just saturated subset, if f is understood) if S is the pre-image of its image: 


(SCX f-saturated) = (S = f~*(f(S))) - 
Here f ‘(f(S)) is also called the f-saturation of S. 


Example 3.18. (pre-images are saturated subsets) 


For f : X > Y any function of sets, and Sy c Y any subset of Y, then the pre-image 
f (Sy) ¢ X is an f-saturated subset of X (def. 3.17). 


Observe that: 


Lemma 3.19. Let f:X — Y be a function. Then a subset S c X is f-saturated (def. 3.17) 
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precisely if its complement xX \ S is saturated. 
Proposition 3.20. (recognition of quotient topologies) 


A continuous function (def. 3.1) 


f: ty) > Om) 


whose underlying function f:X — Y is surjective exhibits ty as the corresponding quotient 
topology (def. 2.18) precisely if f sends open and f-saturated subsets in X (def. 3.17) to 
open subsets of Y. By lemma 3.19 this is the case precisely if it sends closed and 
f-saturated subsets to closed subsets. 


We record the following technical lemma about saturated subspaces, which we will need 
below to prove prop. 8.33. 


Lemma 3.21. (saturated open neighbourhoods of saturated closed subsets under 
closed maps) 


Let 


1. f : (X,ty) — (Y¥, ty) be a closed map (def. 3.14); 


2. Cc X be a closed subset of X (def. 2.24) which is f-saturated (def. 3.17); 
3. U>C be an open subset containing C; 
then there exists a smaller open subset V still containing C 
UDV5DC 
and such that V is still f-saturated. 


Proof. We claim that the complement of X by the f-saturation (def. 3.17) of the complement 
of X by U 


Vi=X\(F “(F(X \U))) 
has the desired properties. To see this, observe first that 
1. the complement xX \ U is closed, since U is assumed to be open; 


2. hence the image f(X \ U) is closed, since f is assumed to be a closed map; 


3. hence the pre-image f “(f(X \ U)) is closed, since f is continuous (using prop. 3.2), 
therefore its complement V is indeed open; 


4. this pre-image f ‘(f(X \U)) is saturated (by example 3.18) and hence also its 
complement V is saturated (by lemma 3.19). 


Therefore it now only remains to see that UD V5C. 


By de Morgan's law (prop. 0.3) the inclusion U > V is equivalent to the inclusion 
f ‘(f(X\ U)) > X\U, which is clearly the case. 


The inclusion V > C is equivalent to f “*(f(X \ U)) n C=@. Since C is saturated by assumption, 
this is equivalent to f *(f(X \U)) n f *(f(C)) = @. This in turn holds precisely if 
f(X\ U) n f(C) =@. Since C is saturated, this holds precisely if X \\UMC =@, and this is true by 


the assumption that U>C. [J 


Homeomorphisms 


With the objects (topological spaces) and the morphisms (continuous functions) of the 
category Top thus defined (remark 3.3), we obtain the concept of “sameness” in topology. To 
make this precise, one says that a morphism 


x4y 


in a category is an isomorphism if there exists a morphism going the other way around 
xédy 


which is an inverse in the sense that both its compositions with f yield an identity morphism: 


fog=idy and gof=idy. 


Since such g is unique if it exsist, one often writes “f~’” for this inverse morphism. 


Definition 3.22. (homeomorphisms) 


An isomorphism in the category Top (remark 3.3) of topological spaces (def. 2.3) with 
continuous functions between them (def. 3.1) is called a homeomorphism. 


Hence a homeomorphism is a continuous function 


f : (X%,tx) — % ty) 


between two topological spaces (X,tTy), (Y,ty) such that there exists another continuous 
function the other way around 


(X,Txy) — (Ty): g 


such that their composites are the identity functions on X and Y, respectively: 


fega=idy and gof =idy. 


f 
a 
x y 
1 
: <i 
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We notationally indicate that a continuous function is a homeomorphism by the symbol “=”. 
f AGty) ty) + 


If there is some, possibly unspecified, homeomorphism between topological spaces (X, ty) 
and (Y,ty), then we also write 


(X,Tx) = (Y,Ty) 
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and say that the two topological spaces are homeomorphic. 


A property/predicate P of topological spaces which is invariant under homeomorphism in 
that 


((X,tx) = (¥,ty)) => (P(X,tx) & PCY, ty)) 


is called a topological property or topological invariant. 


Remark 3.23. (notation for homeomorphisms) 
Beware the following notation: 


1. In topology the notation f~* generally refers to the pre-image function of a given 
function f, while if f is a homeomorphism (def. 3.22), it is also used for the inverse 
function of f. This abuse of notation is convenient: If f happens to be a 
homeomorphism, then the pre-image of a subsets under f is its image under the 
inverse function f+. 


EL 


2. Many authors strictly distinguish the symbols and “=~” and use the former to 
denote homeomorphisms and the latter to refer to homotopy equivalences (which we 
consider in part 2). We use either symbol (but mostly “~”) for “isomorphism” in 
whatever the ambient category may be and try to make that context always 
unambiguously explicit. 


Remark 3.24. If f:(X,ty) > (Y, ty) is a homeomorphism (def. 3.22) with inverse coninuous 
function g, then 


1. also g is a homeomophism, with inverse continuous function f; 


2. the underlying function of sets f:X - Y of a homeomorphism f is necessarily a 
bijection, with inverse bijection g. 


But beware that not every continuous function which is bijective on underlying sets is a 
homeomorphism. While an inverse function g will exists on the level of functions of sets, this 
inverse may fail to be continuous: 


Counter Example 3.25. Consider the continuous function 


(0,27) — S* ci? 


t ~ (cos(t), sin(t)) 


from the half-open interval (def. 1.13) to the unit circle 5? := 5)(1) ¢ R* (def. 1.2), regarded 
as a topological subspace (example 2.17) of the Euclidean plane (example 1.6). 


The underlying function of sets of f is a bijection. The inverse function of sets however fails 
to be continuous at (1,0) € 5‘ c R*. Hence this f is not a homeomorphism. 


Indeed, below we see that the two topological spaces [0,27) and S$? are distinguished by 
topological invariants, meaning that they cannot be homeomorphic via any (other) choice 
of homeomorphism. For example S* is a compact topological space (def. 8.2) while [0, 27) is 
not, and S* has a non-trivial fundamental group, while that of [0,27) is trivial (this prop.). 


Below in example 8.34 we discuss a practical criterion under which continuous bijections are 
homeomorphisms after all. But immediate from the definitions is the following 
characterization: 
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Proposition 3.26. (homeomorphisms are the continuous and open bijections) 


Let f : (X,ty) — (Y,ty) be a continuous function between topological spaces (def. 3.1). Then 
the following are equivalence: 


1. f is a homeomorphism; 


2. f is a bijection and an open map (def. 3.14); 


3. f is a bijection and a closed map (def. 3.14). 


Proof. It is clear from the definition that a homeomorphism in particular has to be a 
bijection. The condition that the inverse function Y ~ X:g be continuous means that the pre- 
image function of g sends open subsets to open subsets. But by g being the inverse to f, 
that pre-image function is equal to f, regarded as a function on subsets: 


Gg =f se PX) PO): 
Hence g~1 sends opens to opens precisely if f does, which is the case precisely if f is an 


open map, by definition. This shows the equivalence of the first two items. The equivalence 
between the first and the third follows similarly via prop. 3.2. If 


Now we consider some actual examples of homeomorphisms: 


Example 3.27. (concrete point homeomorphic to abstract point space) 


Let (X,ty) be a non-empty topological space, and let x € X be any point. Regard the 
corresponding singleton subset {x} c X as equipped with its subspace topology 1,,; 


(example 2.17). Then this is homeomorphic (def. 3.22) to the abstract point space from 
example 2.11: 


({x}, Tp) = *- 
Example 3.28. (open interval homeomorphic to the real line) 


Regard the real line as the 1-dimensional Euclidean space (example 1.6) with its metric 
topology (example 2.10). 


Then the open interval (—1,1) c R (def. 1.13) regarded with its subspace topology 
(example 2.17) is homeomorphic (def.3.22) to all of the real line 


(-1,1) ~ R?. 


An inverse pair of continuous functions is for instance given (via example 1.10) by 


f : R*' > (-1,4+1) 


mT Vitx2 


and 


But there are many other choices for f and g that yield a homeomorphism. 


Similarly, for alla<beER 


1. the open intervals (a,b) c R (example 1.13) equipped with their subspace topology are 
all homeomorphic to each other, 


2. the closed intervals [a,b] are all homeomorphic to each other, 
3. the half-open intervals of the form [a,b) are all homeomophic to each other; 


4. the half-open intervals of the form (a,b] are all homeomophic to each other. 


Generally, every open ball in R” (def. 1.2) is homeomorphic to all of R": 
(Bo(eé) c R") = R”. 


While mostly the interest in a given homeomorphism is in it being non-obvious from the 
definitions, many homeomorphisms that appear in practice exhibit “obvious re- 
identifications” for which it is of interest to leave them consistently implicit: 


Example 3.29. (homeomorphisms between iterated product spaces) 


Let (X,tx), (Y,ty) and (Z,tz) be topological spaces. 


Then: 


1. There is an evident homeomorphism between the two ways of bracketing the three 
factors when forming their product topological space (def. 2.19), called the associator: 


ay yz : ((X,tx) x (Y,ty)) X (2,42) —— (X Tx) x ((¥, ty) X Z, tz) - 


2. There are evident homeomorphism between (X,t) and its product topological space 
(def. 2.19) with the point space « (example 2.11), called the left and right unitors: 


Ay: * X (X,t%) —— (X, tx) 
and 


Py : (X,Tx) xX * —— (X, Tx) . 


3. There is an evident homeomorphism between the results of the two orders in which to 
form their product topological spaces (def. 2.19), called the braiding: 


Byy + Xtx) x (¥,ty) — (V, ty) X (% Tx) . 


Moreover, all these homeomorphisms are compatible with each other, in that they make 
the following diagrams commute (recall remark 3.3): 


1. (triangle identity) 


aX, «Y 
(XxX *)xXY — > XxX(* xY) 


py Xidy ¥ Yidy x ay 


XXY 


2. (pentagon identity) 
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(Wx X)x(Y xZ) 


AWxX,Y,Z 7 \ FW, X,Y XZ 
((WxX)xY)xZ (W x (X x (Y xX Z))) = 
aw,x,y xidz | qidw xax,y,z 
(Wx (XX Y))xZ ee Wx ((X XY) XZ) 
3. (hexagon identities) 
ax,y,zZ Bxyxz 


(XxX Y)xZ —> Xx(YxXxZ) —~ (YxZ)xx 
[oxy *idz [9Y,Z,X 


idy xB 
(vxx)xz ~*4 yxcxxz) ~—*% yx (zxXx) 


and 
ay 7 BXxY,Z 
XX(¥Y XZ) — (XxY)xXZ —— ZXx(XxY) 
pide By,z veBiy 
ayy Bx,zxid 


XxX(ZxXY) — (XxXZ)xY — (xX)xY 
4. (symmetry) 


By yx? Byy = id: (X1 x Xotyx, xx.) > (X1 X XaTx, xx,) - 


In the language of category theory (remark 3.3), all this is summarized by saying that the 
the functorial construction (—) x (—) of product topological spaces (example 3.4) gives the 
category Top of topological spaces the structure of a monoidal category which moreover is 
symmetrically braided. 


From this, a basic result of category theory, the MacLane coherence theorem, guarantees 
that there is no essential ambiguity re-backeting arbitrary iterations of the binary product 
topological space construction, as long as the above homeomorphsims are understood. 


Accordingly, we may write 


(X1,T1) X (X2,T2) X + X (Xn Tn) 


for iterated product topological spaces without putting parenthesis. 


The following are a sequence of examples all of the form that an abstractly constructed 
topological space is homeomorphic to a certain subspace of a Euclidean space. These 
examples are going to be useful in further developments below, for example in the proof 
below of the Heine-Borel theorem (prop. 8.27). 


e Products of intervals are homeomorphic to hypercubes (example 3.30). 


e The closed interval glued at its endpoints is homeomorphic to the circle (example 3.31). 


e The cylinder, the Mébius strip and the torus are all homeomorphic to quotients of the 
square (example 3.32). 


Example 3.30. (product of closed intervals homeomorphic to hypercubes) 


Let n EN, and let [a;,b;] ¢ R for i € {1,---,n} be n closed intervals in the real line (example 
1.13), regarded as topological subspaces of the 1-dimensional Euclidean space (example 
1.6) with its metric topology (example 2.10). Then the product topological space (def. 
2.19, example 3.29) of all these intervals is homeomorphic (def. 3.22) to the 
corresponding topological subspace of the n-dimensional Euclidean space (example 1.6): 


[ay, by] x [a2,b2] XX [nsdn] = {RER"| Vai <x; <b) } CR". 


Similarly for open intervals: 


(a1, by) X (dz, bz) X** X (Gn, bn) = {FER | Vai <x < bp} CR". 


Proof. There is a canonical bijection between the underlying sets. It remains to see that this, 
as well and its inverse, are continuous functions. For this it is sufficient to see that under this 
bijection the defining basis (def. 2.8) for the product topology is also a basis for the subspace 
topology. But this is immediate from lemma 2.9. ff 


Example 3.31. (closed interval glued at endpoints homeomorphic circle) 


As topological spaces, the closed interval [0,1] (def. 1.13) with its two endpoints identified 
is homeomorphic (def. 3.22) to the standard circle: 


xm, “el 
[OAD aio, = 8" 


More in detail: let 
si & R2 
be the unit circle in the plane 
S1 = {(x,y) € R?,x?+y?2=1} 


equipped with the subspace topology (example 2.17) of the plane R?, which is itself 
equipped with its standard metric topology (example 2.10). 


Moreover, let 


[0, 1] )0~1) 

be the quotient topological space (example 2.18) obtained from the interval [0,1] ¢ R* with 
its subspace topology by applying the equivalence relation which identifies the two 
endpoints (and nothing else). 


Consider then the function 
f:[01)—-s1 
given by 
t + (cos(t), sin(t)) . 


This has the property that f(0) = f(1), so that it descends to the quotient topological space 


(OS 10-11 25 


j 
en \ 
si 


We claim that f is a homeomorphism (definition 3.22). 


First of all it is immediate that f is a continuous function. This follows immediately from the 
fact that f is a continuous function and by definition of the quotient topology (example 
2.18). 


So we need to check that f has a continuous inverse function. Clearly the restriction of f 
itself to the open interval (0,1) has a continuous inverse. It fails to have a continuous 
inverse on [0,1) and on (0,1] and fails to have an inverse at all on [0,1], due to the fact 
that f(0) = f(1). But the relation quotiented out in [0, 1] is exactly such as to fix this 


failure. 


/(~1) 


Example 3.32. (cylinder, M6bius strip and torus homeomorphic to quotients of the 
square) 


The square [0,1]? with two of its sides identified is the cylinder, and with also the other two 
sides identified is the torus: 


_ ie 


If the sides are identified with opposite orientation, the result is the Mdbius strip: 


\ iT K<S 
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Example 3.33. (stereographic projection) 


For n € N then there is a homeomorphism (def. 3.22) between between the n-sphere S” 
(example 2.21) with one point p € S” removed and the n-dimensional Euclidean space R” 
(example 1.6) with its metric topology (example 2.10): 


S"\ {p} —— R”. 


This homeomorphism is given by “stereographic 
projection”: One thinks of both the n-sphere as well 
as the Euclidean space R” as topological subspaces 
(example 2.17) of R"*? in the standard way 
(example 2.21), such that they intersect in the 
equator of the n-sphere. For p € S" one of the 
corresponding poles, then the homeomorphism is 


the function which sends a point x € S" \ {p} along the line connecting it with p to the point 
y where this line intersects tfhe equatorial plane. 


In the canonical ambient coordinates this stereographic projection is given as follows: 


Ret5 9°) 1,0-)0). —3 R” en 
(%1,%2,°,Xn41) -— — (0, x2, °)Xn41) 
Proof. First consider more generally the stereographic projection 
o : R"**\(1,0,-,0) — R" = {x €E R™ | x, = 0} 


of the entire ambient space minus the point p onto the equatorial plane, still given by 
mapping a point x to the unique point y on the equatorial hyperplane such that the points p, 
x any y sit on the same straight line. 


This condition means that there exists d € R such that 
pt+d(x—p)=y. 
Since the only condition on y is that y, = 0 this implies that 
p,+d(x,-p,)=0. 
This equation has a unique solution for d given by 


1 


Oe a 


and hence it follow that 


1 
O(X4,%2,°Xn41) = Tox, Oren) 
Since rational functions are continuous (example 1.10), this function o is continuous and 
since the topology on S”\p is the subspace topology under the canonical embedding 
S"\p c R"*1\p it follows that the restriction 


7|,ny : S"\p - R” 


is itself a continuous function (because its pre-images are the restrictions of the pre-images 
of o to S"\p). 


To see that O|sm, is a bijection of the underlying sets we need to show that for every 
Ue Pres Sere, 
there is a unique (x,-+:,X%,41) satisfying 
1. (%4,°) Xn 41) € S"\{p}, hence 
1.x, <1; 


2:0 te) Ss 


t=1 


— _*i 
2. ee ~ “). 
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The last condition uniquely fixes the x;>2 in terms of the given y,., and the remaining x,, as 
Xis2 =y,'A-%)- 


With this, the second condition says that 


n+1 


(4)? +(1-m)? ) (yp)? =1 
= 
hence equivalently that 
(r2 + 1)(x,)? — (2r7)x, + (r? -1) =0. 


By the quadratic formula the solutions of this equation are 


2r2+ [ar4—4(r4—-1) 
Xi = 
‘ 2(r2+1) 


2ar2+2 


The solution <1 satisfies 


it. 


ar2+2 
2 


2r2—2 
2r24+2 r2 


= 1 violates the first condition above, while the solution as 


Therefore we have a unique solution, given by 


2r2—2 2r2—2 2r2—2 
-1 — ——— — eee ns 
(715m) O20 Inga) = (F(t eet (3 aaa Pe) 


In particular therefore also an inverse function to the stereographic projection exists and is a 
rational function, hence continuous by example 1.10. So we have exhibited a 
homeomorphism as required. ff 


Important examples of pairs of spaces that are not homeomorphic include the following: 


Theorem 3.34. (topological invariance of dimension) 


For n,,n2 € N but ny # n2, then the Euclidean spaces R™ and R™ (example 1.6, example 
2.10) are not homeomorphic. 


More generally, an open subset in R"™! is never homeomorphic to an open subset in R”2 if 
Ny #Np. 


The proofs of theorem 3.34 are not elementary, in contrast to how obvious the statement 
seems to be intuitively. One approach is to use tools from algebraic topology: One assigns 
topological invariants to topological spaces, notably classes in ordinary cohomology or in 
topological K-theory), quantities that are invariant under homeomorphism, and then shows 
that these classes coincide for R™ — {0} and for R”2 — {0} precisely only if n, =n. 


One indication that topological invariance of dimension is not an elementary consequence of 
the axioms of topological spaces is that a related “intuitively obvious” statement is in fact 
false: One might think that there is no surjective continuous function R™ > R”™ if n, <n,. But 
there are: these are called the Peano curves. 
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4. Separation axioms 


The plain definition of topological space (above) happens to admit examples where distinct 
points or distinct subsets of the underlying set appear as more-or-less unseparable as seen 
by the topology on that set. 


The extreme class of examples of topological spaces in which the open subsets do not 
distinguish distinct underlying points, or in fact any distinct subsets, are the codiscrete 
spaces (example 2.14). This does occur in practice: 


Example 4.1. (real numbers quotiented by rational numbers) 


Consider the real line R regarded as the 1-dimensional Euclidean space (example 1.6) with 
its metric topology (example 2.10) and consider the equivalence relation ~ on R which 
identifies two real numbers if they differ by a rational number: 


(«~y) © (\ adyen(* =¥ +P/9)) 


Then the quotient topological space (def. 2.18) 
R/Q = R/ ~ 


is a codiscrete topological space (def. 2.14), hence its topology does not distinguish any 
distinct proper subsets. 


Here are some less extreme examples: 
Example 4.2. (open neighbourhoods in the Sierpinski space) 


Consider the Sierpinski space from example 2.12, whose underlying set consists of two 
points {0,1}, and whose open subsets form the set rt = {@, {1}, {0,1}}. This means that the 
only (open) neighbourhood of the point {0} is the entire space. Incidentally, also the 
topological closure of {0} (def. 2.24) is the entire space. 


Example 4.3. (line with two origins) 


Consider the disjoint union space RU R (example 2.16) of two copies of the real line R 
regarded as the 1-dimensional Euclidean space (example 1.6) with its metric topology 
(example 2.10), which is equivalently the product topological space (example 2.19) of R 
with the discrete topological space on the 2-element set (example 2.14): 


RUR = Rx Disc({0, 1}) 


Moreover, consider the equivalence relation on the underlying set which identifies every 
point x; in the ith copy of R with the corresponding point in the other, the (1 — i)th copy, 
except when x = 0: 


(x:~y,) @ (&=y)and (x ¥ 0)or@= 7). 


The quotient topological space by this equivalence © 
relation (def. 2.18) 


(RU R)/ ~ 


is called the line with two origins. These “two origins” are the points 0) and 0,. 


We claim that in this space every neighbourhood of 0, intersects every neighbouhood of 0,. 
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Because, by definition of the quotient space topology, the open neighbourhoods of 
0; € (RU R)/ ~ are precisely those that contain subsets of the form 


(-€,€), = (—€,0) U {0;}U (0,6). 


But this means that the “two origins” 0, and 0, may not be separated by neighbourhoods, 
since the intersection of (—e,€), with (—e,e), is always non-empty: 


(=e€), (ee), = (-6,.0) U Ge): 


In many applications one wants to exclude at least some such exotic examples of topologial 
spaces from the discussion and instead concentrate on those examples for which the 
topology recognizes the separation of distinct points, or of more general disjoint subsets. The 
relevant conditions to be imposed on top of the plain axioms of a topological space are hence 
known as separation axioms which we discuss in the following. 


These axioms are all of the form of saying that two subsets (of certain kinds) in the 
topological space are ‘separated’ from each other in one sense if they are ‘separated’ in a 
(generally) weaker sense. For example the weakest axiom (called T,.) demands that if two 
points are distinct as elements of the underlying set of points, then there exists at least one 
open subset that contains one but not the other. 


In this fashion one may impose a hierarchy of stronger axioms. For example demanding that 
given two distinct points, then each of them is contained in some open subset not containing 
the other (T,) or that such a pair of open subsets around two distinct points may in addition 
be chosen to be disjoint (T,). Below in Tn-spaces we discuss the following hierarchy: 


the main separation axioms 


reformulation 


statement 
given two distinct points, at least 
one of them has an open 

neighbourhood not containing the 


numbername 


every irreducible closed subset 
is the closure of at most one 


Kolmogorov 


other point pore 
given two distinct points, both have 
an open neighbourhood not all points are closed 


containing the other point 

given two distinct points, they have 
disjoint open neighbourhoods 

T, and... all points are closed and... 
..given a point and a closed subset |...every neighbourhood of a point 
not containing it, they have disjoint contains the closure of an open 
open neighbourhoods neighbourhood 

..every neighbourhood of a 
closed set also contains the 
..given two disjoint closed subsets, |closure of an open 


the diagonal is a closed map 


they have disjoint open neighbourhood 
Hausdorff ; : Sedect 
neighbourhoods .. every pair of disjoint closed 


subsets is separated by an 
Urysohn function 


The condition, T,, also called the Hausdorff condition is the most common among all 
separation axioms. Historically this axiom was originally taken as part of the definition of 
topological spaces, and it is still often (but by no means always) considered by default. 
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However, there are respectable areas of mathematics that involve topological spaces where 
the Hausdorff axiom fails, but a weaker axiom is still satisfied, called sobriety. This is the 
case notably in algebraic geometry (schemes are sober) and in computer science (Vickers 
89). These sober topological spaces are singled out by the fact that they are entirely 
characterized by their sets of open subsets with their union and intersection structure (as in 
def. 2.36) and may hence be understood independently from their underlying sets of points. 
This we discuss further below. 


hierarchy of separation axioms 


metric space 
U 


U 


T, = normal Hausdorff 


U 
T3 = regular Hausdorff 
U 
Tz = Hausdorff 


To = Kolmogorov 


All separation axioms are satisfied by metric spaces (example 4.8, example 4.14 below), 
from whom the concept of topological space was originally abstracted above. Hence imposing 
some of them may also be understood as gauging just how far one allows topological spaces 
to generalize away from metric spaces 


T, Spaces 


There are many variants of separation axims. The classical ones are labeled T,, (for German 
“Trennungsaxiom”) with n € {0,1,2,3,4,5} or higher. These we now introduce in def. 4.4 and 
def. 4.13. 


Definition 4.4. (the first three separation axioms) 


Let (X,t) be a topological space (def. 2.3). 


For x # y€X any two points in the underlying set of X which are not equal as elements of 
this set, consider the following propositions: 


two distinct points e (TO) There exists a neighbourhood of one of the two points which 
does not contain the other point. 


s.@ (T1) There exist neighbourhoods of both points which do not 
» contain the other point. 


a (T2) There exists neighbourhoods _ of both points which do not 
intersect each other. 


disjoint open sets 
graphics grabbed from Vickers 89 
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The topological space X is called a T,,-topological space or just T,,-space, for short, if it 
satisfies condition T,, above for all pairs of distinct points. 


A T,-topological space is also called a Kolmogorov space. 


A T,-topological space is also called a Hausdorff topological space. 


For definiteness, we re-state these conditions formally. Write x,y € X for points in X, write 
U,,Uy € t for open neighbourhoods of these points. Then: 


e (TO) v (( 4 ({x}n Uy = 0)) or( 4 (U, Ny} = ®))) 
x#Y Uy Ux 


°((T1) v (, 


xy 


J (({x} n Uy = 0) and (Ux N{y}= ))) 


x Uy 


e (T2) Yu, (AUS 0)) 


The following is evident but important: 
Proposition 4.5. (T, are topological properties of increasing strength) 


The separation properties T,, from def. 4.4 are topological properties in that if two 
topological spaces are homeomorphic (def. 3.22) then one of them satisfies T,, precisely if 
the other does. 


Moreover, these properties imply each other as 


T2>T1>T0. 


Example 4.6. Examples of topological spaces that are not Hausdorff (def. 4.4) include 


1. the Sierpinski space (example 4.2), 


2. the line with two origins (example 4.3), 


3. the quotient topological space R/Q (example 4.1). 


Example 4.7. (finite T,-spaces are discrete) 


For a finite topological space (X,t), hence one for which the underlying set X is a finite set, 
the following are equivalent: 


1. (X,t) is T, (def. 4.4); 


2. (X,t) is a discrete topological space (def. 2.14). 


Example 4.8. (metric spaces are Hausdorff) 


Every metric space (def 1.1), regarded as a topological space via its metric topology 
(example 2.10) is a Hausdorff topological space (def. 4.4). 


Because for x # y € X two distinct points, then the distance d(x, y) between them is positive 
number, by the non-degeneracy axiom in def. 1.1. Accordingly the open balls (def. 1.2) 


By(d(x,y)) > {x} and By(d(x,y)) > {y} 


are disjoint open neighbourhoods. 
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Example 4.9. (subspace of 7,,-space is T,,) 


Let (x,t) be a topological space satisfying the T,, separation axiom for some n € {0, 1, 2} 
according to def. 4.4. Then also every topological subspace S$ c X (example 2.17) satisfies 
T 


(Beware that this fails for some higher n discussed below in def. 4.13. Open subspaces of 
normal spaces need not be normal.) 


Separation in terms of topological closures 


The conditions T), T, and Tz have the following equivalent formulation in terms of topological 
closures (def. 2.24). 


Proposition 4.10. (T, in terms of topological closures) 


A topological space (X,t) iS Ty (def. 4.4) precisely if the function Cl({—}) that forms 
topological closures (def. 2.24) of singleton subsets from the underlying set of X to the set 
of irreducible closed subsets of X (def. 2.32, which is well defined according to example 
2.33), is injective: 


Cl({—}) : X > IrrClSub(X) 


Proof. Assume first that X is T,. Then we need to show that if x,y € X are such that 

Cl({x}) = Cl({y}) then x = y. Hence assume that Cl({x}) = Cl({y}). Since the closure of a point is 
the complement of the union of the open subsets not containing the point (lemma 2.25), this 
means that the union of open subsets that do not contain x is the same as the union of open 
subsets that do not contain y: 


(UV) 


U  (U) = U 
UcX open UcX open 
UCX\ {x} UcX\{y} 


But if the two points were distinct, x # y, then by Ty one of the above unions would contain x 
or y, while the other would not, in contradiction to the above equality. Hence we have a proof 
by contradiction. 


Conversely, assume that (Cl{x} = Cl{y}) => (x = y), and assume that x # y. Hence by 
contraposition Cl({x}) # Cl({y}). We need to show that there exists an open set which contains 
one of the two points, but not the other. 


Assume there were no such open subset, hence that every open subset containing one of the 
two points would also contain then other. Then by lemma 2.25 this would mean that 
x € Cl({y}) and that y € Cl({x}). But this would imply that Cl({x}) c Cl({y}) and that 


Cl({y}) < Cl({x}), hence that Cl({x}) = Cl({y}). This is a proof by contradiction. 


Proposition 4.11. (T, in terms of topological closures) 


A topological space (X,t) is T, (def. 4.4) precisely if all its points are closed points (def. 
2.24), 


Proof. We have 
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all points in (X,T) are closed := V (Cl(Ex}) = {x}) 
x 


2 X\ U  (U)} = {x%} 


UcX open 
xéU 


S U (U) | = X\ {x} 


UcX open 
x€U 


eS ty Fetoven © EU) |e (~wF#x) 


x€U 


& (X,t)isT, 


Here the first step is the reformulation of closure from lemma 2.25, the second is another 
application of the de Morgan law (prop. 0.3), the third is the definition of union and 
complement, and the last one is manifestly by definition of T;. I 


Proposition 4.12. (T, in terms of topological closures) 


A topological space (X,ty) is T,=Hausdorff precisely if the image of the diagonal 


x *% xxx 


x > (xx) 


is a closed subset in the product topological space (X x X, Tyx.x). 


Proof. Observe that the Hausdorff condition is equivalently rephrased in terms of the 
product topology as: Every point (x, y) € X which is not on the diagonal has an open 
neighbourhood U,x,y) X U(x,y) which still does not intersect the diagonal, hence: 


(X, T) Hausdorff 


oS Vv | U xV NAy(X) = 
(ny) € XK) \ Ay (X) te ha et (~y) (xy) NAx(X) 0) 


GY) EU (x,y) XV (x,y) 


Therefore if X is Hausdorff, then the diagonal 4y(X) c X x X is the complement of a union of 
such open sets, and hence is closed: 


(X,1) Hausdorff > Ay(X) = X\( ancien on™ Vex) 


Conversely, if the diagonal is closed, then (by lemma 2.25) every point (x,y) € X x X not on 


the diagonal, hence with x + y, has an open neighbourhood Uy) x Viz) still not intersecting 


the diagonal, hence so that Uy.) AV@y) = 0. Thus (x,t) is Hausdorff. 


Further separation axioms 


Clearly one may and does consider further variants of the separation axioms T), T, and T, 
from def. 4.4. Here we discuss two more: 


Definition 4.13. Let (X,7) be topological space (def. 4.4). 


Consider the following conditions 


e (T3) The space (X,t) is T, (def. 4.4) and for x € X a point and C c X a closed subset 52 
(def. 2.24) not containing x, then there exist disjoint open neighbourhoods U, > {x} 
and Uc DC. 


e (T4) The space (X,r) is T, (def. 4.4) and for C,,C, c X two disjoint closed subsets (def. 
2.24) then there exist disjoint open neighbourhoods U,, > Cj. 


If (x,t) satisfies T, it is said to be a T,-space also called a regular Hausdorff topological 
space. 


If (x,t) satisfies T, it is to be a T,-space also called a normal Hausdorff topological space. 


Example 4.14. (metric spaces are normal Hausdorff) 


Let (X,d) be a metric space (def. 1.1) regarded as a topological space via its metric 
topology (example 2.10). Then this is a normal Hausdorff space (def. 4.13). 


Proof. By example 4.8 metric spaces are T,, hence in particular T,. What we need to show is 
that given two disjoint closed subsets C,,C, c X then their exists disjoint open 
neighbourhoods Uz, € C; and Uc, > C3. 


Recall the function 
d(S,-):X >R 


computing distances from a subset S c X (example 1.9). Then the unions of open balls (def. 
1.2) 


Uc, = _Y _ Bas Cas 1)/2) 


A x4 EC 
and 


Uc, = ee By, (d(C,, x2)/2) A 


x 
have the required properties. ff 

Observe that: 

Proposition 4.15. (T,, are topological properties of increasing strength) 


The separation axioms from def. 4.4, def. 4.13 are topological properties (def. 3.22) which 
imply each other as 


Ty >T3>T2 571, >T». 
Proof. The implications 
T2 >T,>T o 
and 
Tz >T3 


are immediate from the definitions. The remaining implication T; > T, follows with prop. 
4.11: This says that by assumption of T, then all points in (X,t) are closed, and with this the 
condition T, is manifestly a special case of the condition for T;. 


Hence instead of saying “X is T, and ...” one could just as well phrase the conditions T; and T, 
as “X is T, and ...”, which would render the proof of prop. 4.15 even more trivial. 


The following shows that not every T,-space/Hausdorff space is T3/regular 
Example 4.16. (K-topology) 
Write 
K={1/n|neNs,}CR 


for the subset of natural fractions inside the real numbers. 


Define a topological basis 8 c P(IR) on R consisting of all the open intervals as well as the 
complements of K inside them: 


B = {(a,b), |a<beER}U {(a,b)\K, |a<beER}. 


The topology tg c P(R) which is generated from this topological basis is called the 
K-topology. 


We may denote the resulting topological space by 


Rx = (R, Tg} F 


This is a Hausdorff topological space (def. 4.4) which is not a regular Hausdorff space, 
hence (by prop. 4.15) in particular not a normal Hausdorff space (def. 4.13). 


Further separation axioms in terms of topological closures 
As before we have equivalent reformulations of the further separation axioms. 
Proposition 4.17. (T; in terms of topological closures) 


A topological space (X,t) is a regular Hausdorff space (def. 4.13), precisely if all points are 
closed and for all points x € X with open neighbourhood U > {x} there exists a smaller open 
neighbourhood V > {x} whose topological closure Cl(V) is still contained in U: 


{x} coVcClV) CU. 


The proof of prop. 4.17 is the direct specialization of the following proof for prop. 4.18 to the 
case that C = {x} (using that by T,, which is part of the definition of T,, the singleton subset is 


indeed closed, by prop. 4.11). 
Proposition 4.18. (T, in terms of topological closures) 


A topological space (X,t) is normal Hausdorff space (def. 4.13), precisely if all points are 
closed and for all closed subsets C c X with open neighbourhood U 3 C there exists a 
smaller open neighbourhood V > C whose topological closure Cl|(V) is still contained in U: 


CcVcdV)cU. 
Proof. In one direction, assume that (X,t) is normal, and consider 
Ccu. 


It follows that the complement of the open subset U is closed and disjoint from C: 
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CNX\U=@. 
Therefore by assumption of normality of (X,7), there exist open neighbourhoods with 
VIC, W2>X\U with Vnw=@. 
But this means that 
VcX\W 


and since the complement X \ W of the open set W is closed, it still contains the closure of V, 
so that we have 


CcoVcdv)cx\WcU 
as required. 


In the other direction, assume that for every open neighbourhood U > C of a closed subset C 
there exists a smaller open neighbourhood V with 


CcVcCYV)cU. 

Consider disjoint closed subsets 

Cts EX, Ct, =o. 
We need to produce disjoint open neighbourhoods for them. 
From their disjointness it follows that 

C03 G 
is an open neighbourhood. Hence by assumption there is an open neighbourhood V with 
C,; CVCAUV)cCxX\C,. 

Thus 

VOU; XLV 5€, 
are two disjoint open neighbourhoods, as required. ff 


But the T,/normality axiom has yet another equivalent reformulation, which is of a different 
nature, and will be important when we discuss paracompact topological spaces below: 


The following concept of Urysohn functions is another approach of thinking about separation 
of subsets in a topological space, not in terms of their neighbourhoods, but in terms of 
continuous real-valued “indicator functions” that take different values on the subsets. This 
perspective will be useful when we consider paracompact topological spaces below. 


But the Urysohn lemma (prop. 4.20 below) implies that this concept of separation is in fact 
equivalent to that of normality of Hausdorff spaces. 


Definition 4.19. (Urysohn function) 


Let (X,t) be a topological space, and let A,B c X be disjoint closed subsets. Then an 
Urysohn function separating A from B is 


e a continuous function f:X - [0,1] 


to the closed interval equipped with its Euclidean metric topology (example 1.6, example 
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2.10), such that 
e it takes the value 0 on A and the value 1 on B: 
f(A)={0} and = f(B) = {1}. 
Proposition 4.20. (Urysohn's lemma) 


Let X be a normal Hausdorff topological space (def. 4.13), and let A,B < X be two disjoint 
closed subsets of X. Then there exists an Urysohn function separating A from B (def. 4.19). 


Remark 4.21. Beware, the Urysohn function in prop. 4.20 may take the values 0 or 1 even 
outside of the two subsets. The condition that the function takes value O or 1, respectively, 
precisely on the two subsets corresponds to “perfectly normal spaces”. 


Proof. of Urysohn's lemma, prop. 4.20 


Set 
Ch. Upe RR. 
Since by assumption 
ANB=@. 
we have 
Co CU, . 


That (X,t) is normal implies, by lemma 4.18, that every open neighbourhood U>C of a 
closed subset C contains a smaller neighbourhood V together with its topological closure Cl(V) 


UcVcdvV)cC. 


Apply this fact successively to the above situation to obtain the following infinite sequence of 
nested open subsets U, and closed subsets C, 


Co Cc U, 
Co c Uyj2 © Ci c Uy 
Co SC Uyyg © Cryg © Uyy2 © Cig © Usyqg C C34 C Uy 


and so on, labeled by the dyadic rational numbers Qay <Q within (0, 1] 


(U, S Xe (0,1]NQay 


with the property 


(U,, SCUUy,) GU;,) 


Vv 
T4 <1T2 € (0,1]N Qay 
Define then the function 
f:X— [0,1] 


to assign to a point x € X the infimum of the labels of those open subsets in this sequence 
that contain x: 


f(x) = lim _r 


Uy > {x} 
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Here the limit is over the directed set of 
those U, that contain x, ordered by 
reverse inclusion. 


This function clearly has the property that 


f(A) = {0} and f(B) = {1}. It only remains to 
see that it is continuous. 


To this end, first observe that 


(*) (edu) = F@<n 
(* *) (xEU,) = (f@ <n) 


Here it is immediate from the definition 
that (x € U,) > (f(x) <r) and that 
(f(x) <r) > (x €U, € CI(U,)). For the 


remaining implication, it is sufficient to 
observe that 


(x € 0U,) > (f(x) =1), 
where dU, = Cl(U,) \ U; is the boundary of U,.. 


This holds because the dyadic numbers are dense in R. (And this would fail if we stopped the 
above decomposition into U,;,n-s at some finite n.) Namely, in one direction, if x € dU, then 
for every small positive real number ¢« there exists a dyadic rational number r’ with 


r<r’ <r+e, and by construction U,, > Cl(U,) hence x € U,,. This implies that ne =e 
rir 


Now we claim that for all a € [0,1] then 
1. f*((a,1]) =v (X\ CU,)) 
2. f"([0,@)) = UU, 


Thereby f *((a,1]) and f~*([0,@)) are exhibited as unions of open subsets, and hence they 
are open. 


Regarding the first point: 


x € f-*((@,1]) 
S f(x) >a 
e 3a >n 
S 3 (ee clu,)) 


exe VY (X \ C1(U,)) 


and 
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xe VU (X \ Cl(U,)) 
© 3 («€clU,)) 


> 4(x¢€U,) 
r>a 


“3a (f@ =r) 

S f(x) >a 

@ xe f*((a,1]) 

Regarding the second point: 
x€ f*([0,a)) 

S f(x)<a 
oe 3 GF) <r) 
“33 E U;) 


Sexe U U, 
r<a 


and 
ae ea Us 
S 4 («eU,) 
r<a 
=> 4 (xe Cl(U,)) 
r<a 


3 3 @) <7) 


S f(x) <a 


© x€f *([0,a)) 


(In these derivations we repeatedly use that (0,1] n Qay is dense in [0,1] (def. 2.24), and we 
use the contrapositions of (*) and (x *).) 


Now since the subsets {[0, a), (a, 1]} form a sub-base (def. 2.8) for the Euclidean metric 


ae[0,1 
topology on [0,1], it follows that all pre-images of f are open, hence that f is continuous. Bf 


As a corollary of Urysohn's lemma we obtain yet another equivalent reformulation of the 
normality of topological spaces, this one now of a rather different character than the re- 
formulations in terms of explicit topological closures considered above: 


Proposition 4.22. (normality equivalent to existence of Urysohn functions) 


A T,-space (def. 4.4) is normal (def. 4.13) precisely if it admits Urysohn functions (def 
4.19) separating every pair of disjoint closed subsets. 


Proof. In one direction this is the statement of the Urysohn lemma, prop. 4.20. 


In the other direction, assume the existence of Urysohn functions (def. 4.19) separating all 
disjoint closed subsets. Let A,B c X be disjoint closed subsets, then we need to show that 
these have disjoint open neighbourhoods. 


But let f:X > [0,1] be an Urysohn function with f(A) = {0} and f(B) = {1} then the pre-images 
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ti=F (O13) T,=F (Ap 


are disjoint open neighbourhoods as required. 


T, reflection 


While the topological subspace construction preserves the T,,-property for n \in \{0,1,2\ 


(example 4.9) the construction of quotient topological spaces in general does not, as shown 
by examples 4.1 and 4.3. 


Further below we will see that, generally, among all universal constructions in the category 
Top of all topological spaces those that are limits preserve the T, property, while those that 
are colimits in general do not. 


But at least for Ty, T,; and T, there is a universal way, called reflection (prop. 4.23 below), to 
approximate any topological space “from the left” by a T,, topological spaces 


Hence if one wishes to work within the full subcategory of the T,-spaces among all 
topological space, then the correct way to construct quotients and other colimits (see below) 
is to first construct them as usual quotient topological spaces (example 2.18), and then 
apply the T,,-reflection to the result. 


Proposition 4.23. (T,,-reflection) 


Let n € {0,1,2}. Then for every topological space X there exists 


1. a T,,-topological space T,,X 


2. a continuous function 


ty(X) 1X T,X 
called the T,,-reflection of x, 


which is the “closest approximation from the left” to X by a T,-topological space, in that for 
Y any T,-space, then continuous functions of the form 


f:x—-Y 


are in bijection with continuous function of the form 


fiTnX—-Y 


and such that the bijection is constituted by 


z x f 
ST ee ee es oe en Te 
n n 


e For n= 0 this is known as the Kolmogorov quotient construction (see prop. 4.26 
below). 


e For n= 2 this is known as Hausdorff reflection or Hausdorffication or similar. 


Moreover, the operation T,,(—) extends to continuous functions f:X > Y 
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T. 
«4 6% XS TY) 
such as to preserve composition of functions as well as identity functions: 


Trg °Tnf =Trlgef) Tnidy = idx 


Finally, the comparison map is compatible with this in that 


y = ¥ 
tn(Y)° f =Tp(f)° ta(X) i.e. Ay pin®) 
TAX -B TY 


We prove this via a concrete construction of T,,-reflection in prop. 4.25 below. But first we 
pause to comment on the bigger picture of the T,,-reflection: 


Remark 4.24. (reflective subcategories) 


In the language of category theory (remark 3.3) the T,,-reflection of prop. 4.23 says that 


1. T,(—) is a functor T,, : Top > Top, from the category Top of topological spaces to the 


full subcategory Top, & Top of Hausdorff topological spaces; 


2. ty(X):X > T,X is a natural transformation from the identity functor on Top to the 
functor 1° T,, 


3. T, -topological spaces form a reflective subcategory of all topological spaces in that T,, 
is left adjoint to the inclusion functor 1; this situation is denoted as follows: 


Top, SET 
op, +, Top. 
L 
Generally, an adjunction between two functors 
L:CoD:R 
is for all pairs of objects ce C, de D a bijection between sets of morphisms of the form 


{L(c) > d} @ {c—>R@}. 


Hom (L(c), d) — Home(c, R(d)) 


and such that these bijections are “natural” in that they for all pairs of morphisms f:c' >c 
and g:d-—d' then the folowing diagram commutes: 


Homp(L(c), d) Le Home(c, R(d)) 
g°(-)eLif) 4 LR(g)°(-)ef 


' ' Per,ar 1 ' 
Home(L(c’),d') — ~~ Homp(c’, R(a’)) 


One calls the image under ¢, Le) of the identity morphism id,,,) the unit of the adjunction, 
written 
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7, > e— RUL(c)) 


One may show that it follows that the image f under $,q Of a general morphism f:c > d 
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(called the adjunct of f) is given by this composite: 


F:c75 RO) *S Rca). 


In the case of the reflective subcategory inclusion (T,, 4 0) of the category of T,,-spaces into 
the category Top of all topological spaces this adjunction unit is precisely the T,,-reflection 
ty(X):X > U(Tn(X)) (only that we originally left the re-embedding : notationally implicit). 


There are various ways to see the existence and to construct the T,,-reflections. The following 


is the quickest way to see the existence, even though it leaves the actual construction rather 
implicit. 


Proposition 4.25. (T,,-reflection via explicit quotients) 


Let n€ {0,1,2}. Let (X,t) be a topological space and consider the equivalence relation ~ on 
the underlying set X for which x, ~ x2 precisely if for every surjective continuous function 
f:X - Y into any T,,-topological space Y (def. 4.4) we have f(x,) = f(x2): 


(%1 ~ %2) = Vv f@®=f0))- 


Ye Topr,, 
os 
surjective 


Then 


1. the set of equivalence classes 


T,X :=X/~ 
equipped with the quotient topology (example 2.18) is a T,,-topological space, 
2. the quotient projection 


ty (X 
gS aps 


x > [x] 
exhibits the T,,-reflection of X, according to prop. 4.23. 


Proof. First we observe that every continuous function f:X — Y into a T,-topological space Y 
factors uniquely, via t,,(X) through a continuous function f (this makes use of the “universal 
property” of the quotient topology, which we dwell on a bit more below in example 6.3): 


f = f °t,(X) 


Clearly this continuous function f is unique if it exists, because its underlying function of sets 
must be given by 


f:[x] > fx). 


First observe that this is indeed well defined as a function of underlying sets. To that end, 
factor f through its image f(X) 


frk— for 


equipped with its subspace topology as a subspace of Y (example 3.10). By prop. 4.9 also 
the image f(X) is a T,-topological space, since Y is. This means that if two elements x,,x. € X 
have the same equivalence class, then, by definition of the equivalence relation, they have 
the same image under a// comntinuous surjective functions into a T,,-space, hence in 


surjective 


particular they have the same image under f:X ——> f(X) GY: 


([41] = [x2)) > (1 ~ %2) 


> (f(%1) = f(%2)) - 
This shows that f is well defined as a function between sets. 


To see that f is also continuous, consider U € Y an open subset. We need to show that the 
pre-image # "(U) is open in X/ ~. But by definition of the quotient topology (example 2.18), 
this is open precisely if its pre-image under the quotient projection t,(X) is open, hence 
precisely if 


(tn(X)) *(F “(W)) = (Fe taX)) “W) 
=f WU) 


is open in X. But this is the case by the assumption that f is continuous. Hence f is indeed 
the unique continuous function as required. 


What remains to be seen is that 7,,X as constructed is indeed a T,,-topological space. Hence 
assume that [x] # [vy] € T,X are two distinct points. Depending on the value of n, need to 
produce open neighbourhoods around one or both of these points not containing the other 
point and possibly disjoint to each other. 


Now by definition of T,,x the assumption [x] # [y] means that there exists a T,,-topological 


space Y and a surjective continuous function f:X “ees Y such that FOF) EY: 


([%1] # [x2)) © I (F@1) # F(%2)) - 


YeTopr,, 


surjective 


Accordingly, since Y is T,, there exist the respective kinds of neighbourhoods around f(x,) 
and f(x,) in Y. Moreover, by the previous statement there exists the continuous function 
f:TnX > Y with f([x1]) = f(x.) and f([x2]) = f(x2). By the nature of continuous functions, the 
pre-images of these open neighbourhoods in Y are still open in X and still satisfy the required 
disjunction properties. Therefore T,X is aT,-space. Ii 


Here are alternative constructions of the reflections: 


Proposition 4.26. (Kolmogorov quotient) 


Let (x,t) be a topological space. Consider the relation on the underlying set by which 

X1 ~ X2 precisely if neither x; has an open neighbourhood not containing the other. This is 
an equivalence relation. The quotient topological space X > X/ ~ by this equivalence 
relation (def. 2.18) exhibits the T,-reflection of X according to prop. 4.23. 


A more explicit construction of the Hausdorff quotient than given by prop. 4.25 is rather 
more involved. The issue is that the relation “x and y are not separated by disjoint open 
neighbourhoods” is not transitive; 


Proposition 4.27. (more explicit Hausdorff reflection) 
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For (Y,ty) a topological space, write ry c Y x Y for the transitive closure of the relation given 
by the topological closure Cl(Ay) of the image of the diagonal Ay:Y 0 Y x Y. 


ry := Trans(Cl(Deltay)) . 


Now for (X,ty) a topological space, define by induction for each ordinal number a an 
equivalence relation r* on X as follows, where we write q*:X > H*(X) for the corresponding 
quotient topological space projection: 


We start the induction with the trivial equivalence relation: 
ery = Ax; 


For a successor ordinal we set 


eo rgtt = {(a,b) EX x X | (q%(a),q%(b)) Eryag} 
and for a limit ordinal a we set 
a, B 


ery:= U Ty. 
xX pea * 


Then: 
1. there exists an ordinal a such that r¢ = r¢t1 
2. for this a then H*(X) = H(X) is the Hausdorff reflection from prop. 4.25. 


A detailed proof is spelled out in (vanMunster 14, section 4). 


Example 4.28. (Hausdorff reflection of the line with two origins) 


The Hausdorff reflection (T,-reflection, prop. 4.23) 


Tz : Top— TOPyaus 


of the line with two origins from example 4.3 is the real line itself: 


T,((RUR)/~) = R. 


5. Sober spaces 


While the original formulation of the separation axioms T, from def. 4.4 and def. 4.13 clearly 
does follow some kind of pattern, its equivalent reformulation in terms of closure conditions 
in prop. 4.10, prop. 4.11, prop 4.12, prop. 4.17 and prop. 4.18 suggests rather different 
patterns. Therefore it is worthwhile to also consider separation-like axioms that are not 
among the original list. 


In particular, the alternative characterization of the T)-condition in prop. 4.10 immediately 
suggests the following strengthening, different from the T,-condition (see example 5.5 
below): 


Definition 5.1. (sober topological space) 


A topological space (X,t) is called a sober topological space precisely if every irreducible 


closed subspace (def. 2.33) is the topological closure (def. 2.24) of a unique point, hence 
precisely if the function 


Cl({-}) : X — IrrClSub(X) 


from the underlying set of X to the set of irreducible closed subsets of X (def. 2.32, well 
defined according to example 2.33) is bijective. 


Proposition 5.2. (sober implies T,) 


Every sober topological space (def. 5.1) is Ty (def. 4.4). 


Proof. By prop. 4.10. ff 


Proposition 5.3. (Hausdorff spaces are sober) 
Every Hausdorff topological space (def. 4.4) is a sober topological space (def. 5.1). 


More specifically, in a Hausdorff topological space the irreducible closed subspaces (def. 
2.32) are precisely the singleton subspaces (def. 2.17). 


Hence, by example 4.8, in particular every metric space with its metric topology (example 
2.10) is sober. 


Proof. The second statement clearly implies the first. To see the second statement, suppose 
that F is an irreducible closed subspace which contained two distinct points x # y. Then by 
the Hausdorff property there would be disjoint neighbourhoods U,,U,, and hence it would 
follow that the relative complements F \ U, and F \ Uy were distinct closed proper subsets of 
F with 


F = (F\ Ux) U (F \ Uy) 
in contradiction to the assumption that F is irreducible. 


This proves by contradiction that every irreducible closed subset is a singleton. Conversely, 
generally the topological closure of every singleton is irreducible closed, by example 2.33. Bf 


By prop. 5.2 and prop. 5.3 we have the implications on the right of the following diagram: 


separation axioms 
T2 = Hausdorff 


T,) = Kolmogorov 


But there there is no implication betwee T, and sobriety: 


Proposition 5.4. The intersection of the classes of sober topological spaces (def. 5.1) and 
T,-topological spaces (def. 4.4) is not empty, but neither class is contained within the 
other. 


That the intersection is not empty follows from prop. 5.3. That neither class is contained in 
the other is shown by the following counter-examples: 


Example 5.5. (T, neither implies nor is implied by sobriety) 


e The Sierpinski space (def. 2.12) is sober, but not T;. 
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e The cofinite topology (example 2.15) on a non-finite set is T, but not sober. 
Finally, sobriety is indeed strictly weaker that Hausdorffness: 
Example 5.6. (schemes are sober but in general not Hausdorff) 


The Zariski topology on an affine space (example 2.22) or more generally on the prime 
spectrum of a commutative ring (example 2.23) is 


1. sober (def 5.1); 


2. in general not Hausdorff (def. 4.4). 


For details see at Zariski topology this prop and this example. 


Frames of opens 


What makes the concept of sober topological spaces special is that for them the concept of 
continuous functions may be expressed entirely in terms of the relations between their open 
subsets, disregarding the underlying set of points of which these opens are in fact subsets. 


Recall from example 2.38 that for every continuous function f:(X,ty) > (Y,ty) the pre-image 
function f~*:ty > ty is a frame homomorphism (def. 2.36). 


For sober topological spaces the converse holds: 


Proposition 5.7. If (X,t,) and (Y,ty) are sober topological spaces (def. 5.1), then for every 
frame homomorphism (def. 2.36) 


Ty —Ty: 


there is a unique continuous function f:X > Y such that ¢ is the function of forming pre- 
images under f: 


o=f. 
Proof. We first consider the special case of frame homomorphisms of the form 
T, —Ty: 


and show that these are in bijection to the underlying set x, identified with the continuous 
functions * > (X,t) via example 3.6. 


By prop. 2.39, the frame homomorphisms @¢:ty > t, are identified with the irreducible closed 
subspaces X \ Ug() of (X,ty). Therefore by assumption of sobriety of (X,7) there is a unique 
point x € X with X \ Ug = Cl({x}). In particular this means that for U, an open neighbourhood of 
x, then U, is not a subset of Ug(@), and so it follows that #(U,) = {1}. In conclusion we have 
found a unique x € X such that 


{1} |ifxeU 
@:Un% 


@ | otherwise 


This is precisely the inverse image function of the continuous function * — X which sends 
lex. 


Hence this establishes the bijection between frame homomorphisms of the form t, <— ty and 
continuous functions of the form «* > (X,17). 
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With this it follows that a general frame homomorphism of the form ty = ty defines a 
function of sets x > Y by composition: 


x Y 
(ety) 4 ety ey) 


By the previous analysis, an element Uy € ty is sent to {1} under this composite precisely if 


the corresponding point + > X AY is in Uy, and similarly for an element Uy € ty. It follows 
that @(Uy) € ty is precisely that subset of points in X which are sent by f to elements of Uy, 
hence that ¢ = f * is the pre-image function of f. Since ¢ by definition sends open subsets of 
Y to open subsets of X, it follows that f is indeed a continuous function. This proves the claim 
in generality. 


Remark 5.8. (locales) 


Proposition 5.7 is often stated as saying that sober topological spaces are equivalently the 
“locales with enough points” (Johnstone 82, II 1.). Here “locale” refers to a concept akin to 
topological spaces where one considers just a “frame of open subsets” ty, without requiring 
that its elements be actual subsets of some ambient set. The natural notion of 
homomorphism between such generalized topological spaces are clearly the frame 
homomorphisms ty < ty from def. 2.36. 


From this perspective, prop. 5.7 says that sober topological spaces (X,ty) are entirely 
characterized by their frames of opens ty and just so happen to “have enough points” such 
that these are actual open subsets of some ambient set, namely of X. 


Sober reflection 


We saw above in prop. 4.23 that every T,,-topological space for n € {0,1,2} has a “best 
approximation from the left” by a T,,-topological space (for n = 2: “Hausdorff reflection”). We 
now discuss the analogous statement for sober topological spaces. 


Recall again the point topological space * = ({1},t, = {@, {1}}) (example 2.11). 


Definition 5.9. (sober reflection) 


Let (X,t) be a topological space. 


Define SX to be the set 
SX := FrameHom(ty,T,) 


of frame homomorphisms (def. 2.36) from the frame of opens of X to that of the point. 
Define a topology t;y ¢ P(SX) on this set by declaring it to have one element U for each 
element U € ty and given by 


U = {pe SX | PU) = {13}. 
Consider the function 


x % SX 
x Bb (const,) 7 


which sends an element x € X to the function which assigns inverse images of the constant 


function const, : {1} X on that element. 


We are going to call this function the sober reflection of X. 


Lemma 5.10. (sober reflection is well defined) 


The construction (SX,tsx) in def. 5.9 is a topological space, and the function sy:X > SX is a 
continuous function 


Sx:(X,Tx) — (SX, Tsx) 


Proof. To see that t;y ¢ P(SX) is closed under arbitrary unions and finite intersections, 
observe that the function 
C=) 
Ty —% Tsx 
U » OU 


in fact preserves arbitrary unions and finite intersections. Whith this the statement follows by 
the fact that ty is closed under these operations. 


To see that (—) indeed preserves unions, observe that (e.g. Johnstone 82, II 1.3 Lemma) 
pe VUe Ap) ={} 
= YU pl) = 
a p( ier Us) =A 
eC 


where we used that the frame homomorphism p:ty > t, preserves unions. Similarly for 
intersections, now with / a finite set: 


pe Ue Vp) ={} 
= 0 pi) = 
= p(0Ui) =} 
Spe (05: 
where we used that the frame homomorphism p preserves finite intersections. 
To see that sy is continuous, observe that sy1(U) = U, by construction. 
Lemma 5.11. (sober reflection detects T, and sobriety) 


For (X,tx) a topological space, the function sy:X > SX from def. 5.9 is 


1. an injection precisely if (X,ty) iS Ty (def. 4.4); 


2. a bijection precisely if (X,ty) is sober (def. 5.1), in which case sy is in fact a 
homeomorphism (def. 3.22). 


Proof. By lemma 2.39 there is an identification SX = IrrClSub(X) and via this sy is identified 
with the map x & Cl({x}). 
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Hence the second statement follows by definition, and the first statement by prop. 4.10. 


That in the second case sy is in fact a homeomorphism follows from the definition of the 
opens U: they are identified with the opens U in this case (...expand...). I 


Lemma 5.12. (soberification lands in sober spaces, e.g. Johnstone 82, lemma II 
1.7 


For (X,t) a topological space, then the topological space (SX,t;,) from def. 5.9, lemma 5.10 
is sober. 


Proof. Let SX \ U be an irreducible closed subspace of (SX,tsy). We need to show that it is the 
topological closure of a unique element ¢ € SX. 


Observe first that also X \ U is irreducible. 


To see this use prop. 2.35, saying that irreducibility of X \ U is equivalent to 

U,NUz CU => (U, € U)or(U2 ¢ ;U?)«. But if U; NU, CU then also U, NU, < U (as in the proof of 
lemma 5.10) and hence by assumption on J it follows that U, c U or U, c U. By lemma 2.39 
this in turn implies U, c U or Uz c U. In conclusion, this shows that also X \ U is irreducible . 


By lemma 2.39 this irreducible closed subspace corresponds to a point p € SX. By that same 
lemma, this frame homomorphism p:t,x > t, takes the value @ on all those opens which are 
inside U. This means that the topological closure of this point is just SX \ U. 


This shows that there exists at least one point of which X \ U is the topological closure. It 
remains to see that there is no other such point. 


So let p, # p, € SX be two distinct points. This means that there exists U € ty with 

p,(U) # p,(U). Equivalently this says that U contains one of the two points, but not the other. 
This means that (SX,t<;,) is TO. By prop. 4.10 this is equivalent to there being no two points 
with the same topological closure. ff 


Proposition 5.13. (unique factorization through soberification) 


For (X,ty) any topological space, for (Y,t$°”) a sober topological space, and for 
f:(X, tx) — (Y, ty) a continuous function, then it factors uniquely through the soberification 
Sy :(X,Ty) — (SX,Tsx) from def. 5.9, lemma 5.10 


(X,ty) 2 (79% 
“x 73) 
(SX, Tsx) 


Proof. By the construction in def. 5.9, we find that the outer part of the following square 
commutes: 


(X,ty) 2 (19%) 


** | ? ea 
(SX, Tsx) rs (SSX, Tssx) 


By lemma 5.12 and lemma 5.11, the right vertical morphism s,, is an isomorphism (a 
homeomorphism), hence has an inverse morphism. This defines the diagonal morphism, 
which is the desired factorization. 
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To see that this factorization is unique, consider two factorizations f, f::(SX,tsx) > (Y, 18°) and 
apply the soberification construction once more to the triangles 


S 
(X,t%) (x70 (SX,tsx) —> (¥,7f°%) 
Sx A 777 a = L 777 
(SX, Tsy) (SX, Tsx) 


Here on the right we used again lemma 5.11 to find that the vertical morphism is an 
isomorphism, and that f and f do not change under soberification, as they already map 
between sober spaces. But now that the left vertical morphism is an isomorphism, the 
commutativity of this triangle for both f and f implies that f =f. I 


In summary we have found 


Proposition 5.14. (sober reflection) 


For every topological space X there exists 


1. a sober topological spaces SX; 


2. a continuous function s,,:X — SX 


such that... 


As before for the T,,-reflection in remark 4.24, the statement of prop. 5.14 may neatly be re- 
packaged: 


Remark 5.15. (sober topological spaces are a reflective subcategory) 


In the language of category theory (remark 3.3) and in terms of the concept of adjoint 
functors (remark 4.24), proposition 5.14 simply says that sober topological spaces form a 
reflective subcategory Top,,, of the category Top of all topological spaces 


AY 


_, 
Top, 4 i, Top. 


6. Universal constructions 


We have seen above various construction principles for topological spaces above, such as 
topological subspaces and topological quotient spaces. It turns out that these constructions 
enjoy certain “universal properties” which allow us to find continuous functions into or out of 
these spaces, respectively (examples 6.1, example 6.2 and 6.3 below). 


Since this is useful for handling topological spaces (we secretly used the universal property 
of the quotient space construction already in the proof of prop. 4.25), we next consider, in 
def. 6.11 below, more general “universal constructions” of topological spaces, called /imits 
and colimits of topological spaces (and to be distinguished from limits in topological spaces, 
in the sense of convergence of sequences as in def. 1.17). 


Moreover, we have seen above that the quotient space construction in general does not 
preserve the T,,-Separation property or sobriety property of topological spaces, while the 
topological subspace construction does. The same turns out to be true for the more general 
“colimiting” and “limiting” universal constructions. But we have also seen that we may 
universally “reflect” any topological space to becomes a T,,-space or sober space. The 
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remaining question then is whether this reflection breaks the desired universal property. We 
discuss that this is not the case, that instead the universal construction in all topological 
spaces followed by these reflections gives the correct universal constructions in T,,-separated 


and sober topological spaces, respectively (remark 6.22 below). 


After these general considerations, we finally discuss a list of examples of universal 
constructions in topological spaces. 


To motivate the following generalizations, first observe the universal properties enjoyed by 
the basic construction principles of topological spaces from above 


Example 6.1. (universal property of binary product topological space) 


Let X,,X, be topological spaces. Consider their product topological space X, x X, from 
example 2.19. By example 3.16 the two projections out of the product space are 
continuous functions 


pry prog 
X, — X,xXX, — Xz: 


Now let Y be any other topological space. Then, by composition, every continuous function 
Y > X, x X, into the product space yields two continuous component functions f, and f,: 


Y 
fay 1 \f2 


X, <— X,XX, — XxX 
1 pr, “1*%42 or, “2 


But in fact these two components completely characterize the function into the product: 
There is a (natural) bijection between continuous functions into the product space and 
pairs of continuous functions into the two factor spaces: 


(ea) 


Hom(Y,X,) X Hom(Y, X2) 


R 


{¥Y — X, x Xz} 


R 


Hom(Y, X; X X2) 


Example 6.2. (universal property of disjoint union spaces) 


Let X,,X, be topological spaces. Consider their disjoint union space X, Li X, from example 
2.16. By definition, the two inclusions into the disjoint union space are clearly continuous 
functions 


Xy zn X, UX2 oa Xo . 


Now let Y be any other topological space. Then by composition a continuous function 
X, UX, — Y out of the disjoint union space yields two continuous component functions f, 


and f,: 


iy ig 
X, — X,UX, > xX 
i, N L Me 


Y 


But in fact these two components completely characterize the function out of the disjoint 


69 


union: There is a (natural) bijection between continuous functions out of disjoint union 
spaces and pairs of continuous functions out of the two summand spaces: 


(ns) 


Hom(X, xX Xz,Y) =~ Hom(X,,Y) x Hom(xX;,Y) 


R 


{X, UX, > Y} 


Example 6.3. (universal property of quotient topological spaces) 


Let X be a topological space, and let ~ be an equivalence relation on its underlying set. 
Then the corresponding quotient topological space X/ ~ together with the corresponding 
qutient continuous function p:X > X/ ~ has the following universal property: 


Given f:X — Y any continuous function out of X with the property that it respects the given 
equivalence relation, in that 


(x1 ~ x2) > (f(%1) = f(x2)) 


then there is a unique continuous function f:X/ ~ — Y such that 


Xx — Y 
f=fep i.e. PL Aay 
X/~ 


(We already made use of this universal property in the construction of the T,,-reflection in 
the proof of prop. 4.25.) 


Proof. First observe that there is a unique function f as claimed on the level of functions of 
the underlying sets: In order for f = f op to hold, f must send an equivalence class in X/ ~ 
to one of its members 


f:ilx]ex 


and that this is well defined and independent of the choice of representative x is guaranteed 
by the condition on f above. 


Hence it only remains to see that f defined this way is continuous, hence that for Uc Y an 
open subset, then its pre-image # (WU) c X/ ~ is open in the quotient topology. By definition 
of the quotient topology (example 2.18), this is the case precisely if its further pre-image 
under p is open in X. But by the fact that f = f op, this is the case by the continuity of f: 


p(f “W))=(Fep) W 
=f "WU 


This kind of example we now generalize. 


Limits and colimits 


We consider now the general definition of free diagrams of topological spaces (def. 6.4 
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below), their cones and co-cones (def. 6.9) as well as limiting cones and colimiting cocones 
(def. 6.11 below). 


Then we use these concepts to see generally (remark 6.22 below) why limits (such as 
product spaces and subspaces) of T,<,-spaces and of sober spaces are again T,, or sober, 
respectively, and to see that the correct colimits (such as disjoint union spaces and quotient 
spaces) of T,,- or sober spaces are instead the T,,-reflection (prop. 4.23) or sober reflection 
(prop. 5.14), respectively, of these colimit constructions performed in the context of 
unconstrained topological spaces. 


Definition 6.4. (free diagram of sets/topological spaces) 


A free diagram X, of sets or of topological spaces is 


1. a set {X;},., of sets or of topological spaces, respectively; 
; f : . 
2. for every pair (i,j) € 1 x I of labels, a set {X; 4 Xj} of functions of of continuous 


wel; j 
functions, respectively, between these. 


Here is a list of basic and important examples of free diagrams 


e discrete diagrams and the empty diagram (example 6.5); 


e pairs of parallel morphisms (example 6.6); 
e span and cospan diagram (example 6.7); 
e tower and cotower diagram (example 6.8). 


Example 6.5. (discrete diagram and empty diagram) 


Let J be any set, and for each (i,j) €1 x I let J; ; =@ be the empty set. 


The corresponding free diagrams (def. 6.4) are simply a set of sets/topological spaces with 
no specified (continuous) functions between them. This is called a discrete diagram. 


For example for J = {1,2,3} the set with 3-elements, then such a diagram looks like this: 
a Le Re. 


Notice that here the index set may be empty set, J = @, in which case the corresponding 
diagram consists of no data. This is also called the empty diagram. 


Definition 6.6. (parallel morphisms diagram) 


Let J = {a,b} be the set with two elements, and consider the sets 


{1,2} | @=a)and(j =b) 


ij * i 
Oo | otherwise 


The corresponding free diagrams (def. 6.4) are called pairs of parallel morphisms. They 
may be depicted like so: 


fy 
a 
x ae 


fo 
Example 6.7. (span and cospan diagram) 


Let I = {a,b,c} the set with three elements, and set 


(f,3 | @=ojand (=a) 
y=) } | G@=cjandG = b) 


Oo | otherwise 


The corresponding free diagrams (def. 6.4) look like so: 


These are called span diagrams. 


Similary, there is the cospan diagram of the form 


Example 6.8. (tower diagram) 


Let / = N be the set of natural numbers and consider 


_ (fi; | jit. 
“ @ | otherwise 

The corresponding free diagrams (def. 6.4) are called tower diagrams. They look as 

follows: 


fo,a fi,2 f2,3 


Xq9 —— X14 — X22 —~ X33 


Similarly there are co-tower diagram 


fo.a fi2 fo3 


Xo — X, <— Xz <— X3 See 


Definition 6.9. (cone over a free diagram) 


Consider a free diagram of sets or of topological spaces (def. 6.4) 


i 
L= {x, s x; 


LjELael; ; 
Then 
1. a cone over this diagram is 


1. a set or topological space X (called the tip of the cone); 
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F ~ Di 
2. for each i € 1 a function or continuous function X — xX; 


such that 


© for all (i,j) €/ x1 and all a€ 1, then the condition 


fg?Py= Bi; 
holds, which we depict as follows: 
x 
Mi NPI 
Xi ra xj 


2. a co-cone over this diagram is 
1. a set or topological space X (called the tip of the co-cone); 
2. for each i €/ a function or continuous function q,:X; x 
such that 


© for all (i,j) €1 x J and all ae 1, ; then the condition 


qj o ms = 4; 
holds, which we depict as follows: 
s = 2% 
x 


Example 6.10. (solutions to equations are cones) 


Let f,g:R- R be two functions from the real numbers to themselves, and consider the 
corresponding parallel morphism diagram of sets (example 6.6): 


Then a cone (def. 6.9) over this free diagram with tip the singleton set « is a so/ution to the 
equation f(x) = g(x) 


const, Z \ consty 
fy 
—> 
R R 
fo 


Namely the components of the cone are two functions of the form 


cont,,consty : * > R 


hence equivalently two real numbers, and the conditions on these are 


f° const, = consty f,° const, = const, . 


Definition 6.11. (limiting cone over a diagram) 


Consider a free diagram of sets or of topological spaces (def. 6.4): 


f 
{x, Ss x,| 
LjEeLacl; j 
Then 
1. its /imiting cone (or just /imit for short, also “inverse limit”, for historical reasons) is 
the cone 
ie 
Piy Pi 
X; a xj 


any other cone, then there is a unique function or continuous function, respectively 


p: X— lim X; 


that factors the given cone through the limiting cone, in that for all ie J then 


pi =p,°9 
which we depict as follows: 
xX 
Ald ip \ Pi 


lim X; = X; 
=i Pi 


2. its colimiting cocone (or just colimit for short, also “direct limit”, for historical reasons) 
is the cocone 


f 
xX, 4% X; 
Wy £4 
lim Xj 
—_i 


under this diagram (def. 6.9) which is universal among all possible co-cones, in that it 
has the property that for 
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Vix Z 


x 


any other cocone, then there is a unique function or continuous function, respectively 
¢: lim X;—> x 
that factors the given co-cone through the co-limiting cocone, in that for all i€ 7 then 
qi = 9°94, 


which we depict as follows: 


We now briefly mention the names and comment on the general nature of the limits and 
colimits over the free diagrams from the list of examples above. Further below we discuss 
examples in more detail. 


shapes of free diagrams and the names of their limits/colimits 


free diagram limit/colimit 

empty diagram terminal object/initial object 
discrete diagram _|product/coproduct 

parallel morphisms equalizer/coequalizer 


span/cospan pullback,fiber product/pushout 
tower/cotower sequential limit/sequential colimit 


Example 6.12. (initial object and terminal object) 


Consider the empty diagram (def. 6.5). 


1. A cone over the empty diagram is just an object X, with no further structure or 
condition. The universal property of the limit “T” over the empty diagram is hence 
that for every object X, there is a unique map of the form xX > T, with no further 
condition. Such an object T is called a terminal object. 


2. A co-cone over the empty diagram is just an object X, with no further structure or 
condition. The universal property of the colimit “L” over the empty diagram is hence 
that for every object X, there is a unique map of the form 1 — X. Such an object 1 is 
called an initial object. 


Example 6.13. (Cartesian product and coproduct) 


Let {X;},., be a discrete diagram (example 6.5), i.e. just a set of objects. 


1. The limit over this diagram is called the Cartesian product, denoted [],_, Xj; 


ie! 
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2. The colimit over this diagram is called the coproduct, denoted |[],_, Xi: 


Example 6.14. (equalizer) 76 
Let 
Ja 
fo 


be a free diagram of the shape “pair of parallel morphisms” (example 6.6). 


A limit over this diagram according to def. 6.11 is also called the equalizer of the maps f, 


and f,. This is a set or topological space eq(f,,f,) equipped with a map eq(f,, f,) a X1, $0 
that f, °p, =f, °p, and such that if Y > X, is any other map with this property 


Y 
J 


N\ 
P41 BES 

eq(f,,f,) ae xy = X2 
fa 


then there is a unique factorization through the equalizer: 


Y 
Hy | oN“ 
Py EN 
eq if 3) — Xx — X2 
fo 


In example 6.10 we have seen that a cone over such a pair of parallel morphisms is a 
solution to the equation f, (x) = f,(x). 


The equalizer above is the space of all solutions of this equation. 


Example 6.15. (pullback/fiber product and coproduct) 


Consider a cospan diagram (example 6.7) 


The limit over this diagram is also called the fiber product of X with Y over Z, and denoted 
X x Y. Thought of as equipped with the projection map to X, this is also called the pullback 


of f along g 


Dually, consider a span diagram (example 6.7) 
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The colimit over this diagram is also called the pushout of f along g, denoted xX W Y: 


7-2) -¥ 


fl (po) J 
xX —= XuUY 


Often the defining universal property of a limit/colimit construction is all that one wants to 
know. But sometimes it is useful to have an explicit description of the limits/colimits, not the 
least because this proves that these actually exist. Here is the explicit description of the 
(co-)limiting cone over a diagram of sets: 


Proposition 6.16. (limits and colimits of sets) 
Let 


F 
{x 4 x,| 


LjELael; j 
be a free diagram of sets (def. 6.4). Then 


1. its limit cone (def. 6.11) is given by the following subset of the Cartesian product 
Ie, Xi Of all the sets X; appearing in the diagram 


—i 
iel 


on those tuples of elements which match the graphs of the functions appearing in the 
diagram: 


lim X; =~ {dic | 4 (f(x) = xj) 


ael; j 


and the projection functions are p;:(xj),<,'? x 


jel is 
2. its colimiting co-cone (def. 6.11) is given by the quotient set of the disjoint union 
iL, X; of all the sets X; appearing in the diagram 


u Xj — lim Xi 
ie€l —iel 


with respect to the equivalence relation which is generated from the graphs of the 
functions in the diagram: 


lim Xi = CUD @~2De| A, Fa =*') 


wel; j 


and the injection functions are the evident maps to equivalence classes: 


gq, : Xi? [x;] - 
Proof. We dicuss the proof of the first case. The second is directly analogous. 


First observe that indeed, by construction, the projection maps p, as given do make a cone 
over the free diagram, by the very nature of the relation that is imposed on the tuples: 


(xWeer! ,¥., Fa) = %,) 


ijel 
acl; j 
Pi Z \?i 
Xi ri X; 
We need to show that this is universal, in that every other cone over the free diagram factors 
universally through this one. First consider the case that the tip of a given cone is a 
singleton: 


* * 
Di J VP = constxy; Z ge 
a a 


As shown on the right, the data in such a cone is equivantly: for each i € J an element 
x’; € X;, such that for all i,j €/ and ae/,,; then f,(x';) = x’;. But this is precisely the relation 
used in the construction of the limit above and hence there is a unique map 


(ier 
eet ewer! ¥y Faled =) 
aed; j 


such that for all ie J we have 
J \Pli 


(Xk) pe | oi (f (xi) = x;) Pr Xj 


wel; j 


namely that map is the one that picks the element (x’;),_,. 


This shows that every cone with tip a singleton factors uniquely through the claimed limiting 
cone. But then for a cone with tip an arbitrary set Y, this same argument applies to all the 


single elements of Y. I 


It will turn out below in prop. 6.20 that limits and colimits of diagrams of topological spaces 
are computed by first applying prop. 6.16 to the underlying diagram of underlying sets, and 
then equipping the result with a topology as follows: 


Definition 6.17. (initial topology and final topology) 


Let {(X;,7;)},., be a set of topological spaces, and let S be a bare set. Then 


iel 


e For 


78 


D; 
{S - > Xihie; 


a set of functions out of S, the initial topology Tinitia ({p;};-,) is the coarsest topology on 


S (def. 6.17) such that all f;:(S, tinitia ({(P};<)) — Xi are continuous. 


By lemma 2.9 this is equivalently the topology whose open subsets are the unions of 
finite intersections of the preimages of the open subsets of the component spaces 
under the projection maps, hence the topology generated from the sub-base 


Bini CP,3) = tC) | ielU;,cX; open} : 
e For 


f; 
{Xi —— er 


a set of functions into S, the final topology trina ({f;};.,) is the finest topology on S (def. 
6.17) such that all q,:X; — (S, trina ({f;},_,)) are continuous. 


Hence a subset U cS is open in the final topology precisely if for all ie / then the pre- 
image q; *(U) c X; is open. 


Beware a variation of synonyms that is in use: 


limit topology  colimit topology 
initial topology | final topology 
weak topology | strong topology 
coarse topology | fine topology 


We have already seen above simple examples of initial and final topologies: 


Example 6.18. (subspace topology as an initial topology) 


For (X,t) a single topological space, and q:S © X a subset of its underlying set, then the 
initial topology Tintial(p), def. 6.17, is the subspace topology from example 2.17, making 


P : (S,Tinitia (P))  X 


a topological subspace inclusion. 


Example 6.19. (quotient topology as a final topology) 


Conversely, for (x,t) a topological space and for q:X — S a Surjective function out of its 
underlying set, then the final topology Tgnai(q) on S, from def. 6.17, is the quotient topology 
from example 2.18, making q a continuous function: 


q: (X,T) > (S, Trina (Q)) - 


Now we have all the ingredients to explicitly construct limits and colimits of diagrams of 
topological spaces: 


Proposition 6.20. (limits and colimits of topological spaces) 
Let 


{ T%) zal ae (X,.7)} 


LjeLach j 
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be a free diagram of topological spaces (def. 6.4). 


1. The limit over this free diagram (def. 6.11) is given by the topological space 
1. whose underlying set is the limit of the underlying sets according to prop. 6.16; 


2. whose topology is the initial topology, def. 6.17, for the functions p, which are 
the limiting cone components: 


Hence 


lim _, Xe ti = (lim ae Tiniial Pier) 


—ie 


2. The colimit over the free diagram (def. 6.11) is the topological space 


1. whose underlying set is the colimit of sets of the underlying diagram of sets 
according to prop. 6.16, 


2. whose topology is the final topology, def. 6.17 for the component maps 1; of the 
colimiting cocone 


X; — Xj 
lim Xx 
—Jkel 


Hence 
lim Kot = (lim, Xv tina (er) 


(e.g. Bourbaki 71, section I.4) 


Proof. We discuss the first case, the second is directly analogous: 
Consider any cone over the given free diagram: 
(X, ty) 
Di WA \PG 
(Xp Ti) = (Xj,T;) 


By the nature of the limiting cone of the underlying diagram of underlying sets, which always 
exists by prop. 6.16, there is a unique function of underlying sets of the form 


:X li S; 
o:X— lim, 5) 


satisfying the required conditions p, ° ¢ = p’;. Since this is already unique on the underlying 
sets, it is sufficient to show that this function is always continuous with respect to the initial 
topology. 


Hence let Uc lim X; be in Tinitia ({p;}). By def. 6.17, this means that U is a union of finite 
L 


intersections of subsets of the form p;1(U;) with U; c X; open. But since taking pre-images 
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preserves unions and intersections (prop. 0.2), and since unions and intersections of opens 
in (X,tz) are again open, it is sufficient to consider U of the form U = p; ‘(U;). But then by the 


condition that p;° ¢ =p’; we find 
$"(p;*Ud) = (p,°¢) “Ud 
= (p':) *(W), 


and this is open by the assumption that p’; is continuous. 


We discuss a list of examples of (co-)limits of topological spaces in a moment below, but first 
we conclude with the main theoretical impact of the concept of topological (co-)limits for our 
our purposes. 


Here is a key property of (co-)limits: 


Proposition 6.21. (functions into a limit cone are the limit of the functions into the 


diagram) 


Let {X; ie Xj} j be a free diagram (def. 6.4) of sets or of topological spaces. 


LjeLael; 


1. If the limit lim X; € C exists (def. 6.11), then the set of (continuous) function into this 
L 


limiting object is the limit over the sets Hom(-, —) of (continuous) functions 
(“homomorphisms”) into the components X;: 


Hom( Y, lim %; ) = lim (Hom(Y, X;)) . 


Here on the right we have the limit over the free diagram of sets given by the 
operations f ,° (—) of post-composition with the maps in the original diagram: 


fa(-) 
{Hom(y, X;) ——— Hom(/, x) 
LjELael; j 


2. If the colimit lim X; € € exists, then the set of (continuous) functions out of this 
L 


colimiting object is the limit over the sets of morphisms out of the components of X;: 
Hom( lim X;, vy) ~ lim(Hom(X;, Y)). 


Here on the right we have the colimit over the free diagram of sets given by the 
operations (—)° f,, of pre-composition with the original maps: 


(=)of 
{Hom(x, Y) ——> Hom(X;, Y) 


a 


Proof. \We give the proof of the first statement. The proof of the second statement is directly 
analogous (just reverse the direction of all maps). 

First observe that, by the very definition of limiting cones, maps out of some Y into them are 
in natural bijection with the set Cones(¥, {X; fe x;}) of cones over the corresponding diagram 


with tip Y: 
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; f 
Hom(Y, lim, x,) = Cones( ¥, {X; a x;}) : 


Hence it remains to show that there is also a natural bijection like so: ae 


Sa : 
Cones( ¥, {X, > x;}) = lim (Hom(Y, X;)) ; 


Now, again by the very definition of limiting cones, a single element in the limit on the right 
is equivalently a cone of the form 


consty,. consty . 


Hom(Y,X;) Aas Hom(Y, X;) 
a 


This is equivalently for each i € J a choice of map p;:Y > X; , such that for each i,j € 7 and 
ael,; we have f op, = Dj: And indeed, this is precisely the characterization of an element in 


the set Cones( ¥, {X; - x;}). | | 


Using this, we find the following: 
Remark 6.22. (limits and colimits in categories of nice topological spaces) 


Recall from remark 4.24 the concept of adjoint functors 


Ace 

Cl D 
wae 

R 


witnessed by natural isomorphisms 
Hom (L(c), d) = Home(c, R(d)) . 


Then these adjoints preserve (co-)limits in that 


1. the left adjoint functor L preserve colimits (def. 6.11) 


in that for every diagram {X; es X;} in D there is a natural isomorphism of the form 


2. the right adjoint functor R preserve limits (def. 6.11) 


: : f, : P ‘ é 
in that for every diagram {X; 4 X;} in € there is a natural isomorphism of the form 
R( lim, x,) = fim R(X) . 


This implies that if we have a reflective subcategory of topological spaces 


eee 
TOPrice + . Top 
l 
(such as with T,,<,-spaces according to remark 4.24 or with sober spaces according to 
remark 5.15) 


then 


1. limits in Top,;., are computed as limits in Top; 


2. colimits in Top,,., are computed as the reflection L of the colimit in Top. 
For example let {(X;, t;) fe (X;,T;)} be a diagram of Hausdorff spaces, regarded as a diagram 
of general topological spaces. Then 


1. not only is the limit of topological spaces lim (X;,7;) according to prop. 6.20 again a 
L 


Hausdorff space, but it also satisfies its universal property with respect to the 
category of Hausdorff spaces; 


2. not only is the reflection T2(lim X:) of the colimit as topological spaces a Hausdorff 
L 


space (while the colimit as topological spaces in general is not), but this reflection 
does satisfy the universal property of a colimit with respect to the category of 
Hausdorff spaces. 


Proof. First to see that right/left adjoint functors preserve limits/colimits: We discuss the 
case of the right adjoint functor preserving limits. The other case is directly anlogous (just 
reverse the direction of all arrows). 


So let lim xX; be the limit over some diagram {x fe x,| . To test what a right adjoint 
U LjELael; j 
functor does to this, we may map any object Y into it. Using prop. 6.21 this yields 
Hom(Y, R(lim Xi)) = Hom(L(¥), lim Xi) 
— lim Hom(L(Y), Xi) 
- lim Hom(¥, R(X;)) 


~ Hom(Y, lim R(W:)) ; 
Since this is true for all Y, it follows that 
R(im, X;) = lim, R(X) . 
Now to see that limits/colimits in the reflective subcategory are computed as claimed; 


(..) I 


Examples 


We now discuss a list of examples of universal constructions of topological spaces as 
introduced in generality above. 


examples of universal constructions of topological spaces: 


limits colimits 
point space empty space 
product topological space disjoint union topological space 
topological subspace quotient topological space 
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limits colimits 
fiber space space attachment 
mapping cocylinder, mapping cocone mapping cylinder, mapping cone, mapping telescope 


cell complex, CW-complex 


Example 6.23. (empty space and point space as empty colimit and limit) 


Consider the empty diagram (example 6.5) as a diagram of topological spaces. By example 
6.12 the limit and colimit (def. 6.11) over this type of diagram are the terminal object and 
initial object, respectively. Applied to topological spaces we find: 


1. The limit of topological spaces over the empty diagram is the point space « (example 
2.11), 


2. The colimit of topological spaces over the empty diagram is the empty topological 
space @ (example 2.11). 


This is because for an empty diagram, the a (co-)cone is just a topological space, without 
any further data or properties, and it is universal precisely if there is a unique continuous 
function to (respectively from) this space to any other space X. This is the case for the 
point space (respectively empty space) by example 3.5: 


(S79 Se, 


Example 6.24. (binary product topological space and disjoint union space as limit 
and colimit) 


Consider a discrete diagram consisting of two topological spaces (X,ty),(Y,ty) (example 
6.5). Generally, it limit and colimit is the product X x Y and coproduct X UY, respectively 
(example 6.13). 


1. In topological space this product is the binary product topological space from example 
2.19, by the universal property observed in example 6.1: 


(X, Tx) X (¥, Ty) = (XX Y,T yxy) - 


2. In topological spaces, this coproduct is the disjoint union space from example 2.16, by 
the universal property observed in example 6.2: 


(X, Ty) U(Y, Ty) = (X UY, tyuy) - 


So far these examples just reproduces simple constructions which we already considered. 
Now the first important application of the general concept of limits of diagrams of topological 
spaces is the following example 6.25 of product spaces with an non-finite set of factors. It 
turns out that the correct topology on the underlying infinite Cartesian product of sets is not 
the naive generalization of the binary product topology, but instead is the corresponding 
weak topology, which in this case is called the Tychonoff topology: 


Example 6.25. (general product topological spaces with Tychonoff topology) 


Consider an arbitrary discrete diagram of topological spaces (def. 6.5), hence a set 
{(XiT))},<, of topological spaces, indexed by any set /, not necessarily a finite set. 


The limit over this diagram (a Cartesian product, example 6.13) is called the product 
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topological space of the spaces in the diagram, and denoted 


|| (Xj, T;) . 


iel 


By prop. 6.16 and prop. 6.18, the underlying set of this product space is just the Cartesian 
product of the underlying sets, hence the set of tuples (x; € X;) This comes for each i € I 


with the projection map 


rel” 


x, “ x 
HyerXis — %: 
ANjer at see 


By prop. 6.18 and def. 6.17, the topology on this set is the coarsest topology such that the 
pre-images pr,(U) of open subsets U c X; under these projection maps are open. Now one 


such pre-image is a Cartesian product of open subsets of the form 


p, (Ui) = Ui x( I] x;) a | |». 


jel\ fi} jel 


The coarsest topology that contains these open subsets ist that generated by these subsets 
regarded as a sub-basis for the topology (def. 2.8), hence the arbitrary unions of finite 
intersections of subsets of the above form. 


Observe that a binary intersection of these generating open is (for i # j): 
PU) np tu) =~ UxUjx( |] x) 
kel\ {ij} 


and generally for a finite subset J c J then 


jeherPi UD = (T | 4)x(] T *)- 


jejci iel\J 


Therefore the open subsets of the product topology are unions of those of this form. Hence 
the product topology is equivalently that generated by these subsets when regarded as a 
basis for the topology (def. 2.8). 


This is also known as the Tychonoff topology. 


Notice the subtlety: Naively we could have considered as open subsets the unions of 
products [],.,U; of open subsets of the factors, without the constraint that only finitely 
many of them differ from the corresponding total space. This also defines a topology, called 
the box topology. For a finite index set J the box topology coincides with the product space 
(Tychinoff) topology, but for non-finite J it is strictly finer (def. 2.7). 


Example 6.26. (Cantor space) 


Write Disc({0,1}) for the the discrete topological space with two points (example 2.14). 
Write [],,<y Disc({0,2}) for the product topological space (example 6.25) of a countable set 
of copies of this discrete space with itself (i.e. the corresponding Cartesian product of sets 
Tlen (9 13 equipped with the Tychonoff topology induced from the discrete topology of 


{0, 1}). 


Notice that due to the nature of the Tychonoff topology, this product space is not itself 
discrete. 
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Consider the function 


K 
Leas = [0, 1] 86 


co 2a; 
Qi)icy — Li=o 3tF7 


which sends an element in the product space, hence a sequence of binary digits, to the 
value of the power series as shown on the right. 


One checks that this is a continuous function (from the product topology to the Euclidean 
metric topology on the closed interval). Moreover with its image x([],,¢y {0,1}) € [0,1] 


equipped with its subspace topology, then this is a homeomorphism onto its image: 


I | Disc({0,1}) ——> K( I| Disc({0, 1))) — > [0,1]. 


neNn 
This image is called the Cantor space. 
Example 6.27. (equalizer of continuous functions) 


The equalizer (example 6.14) of two continuous functions f,g:(X,ty) — (Y,ty) is the 
equalizer of the underlying functions of sets 


eq(f.g) ~X Y 


f 
—=7 
— 

g 


(hence the largest subset of Y on which both functions coincide) and equipped with the 
subspace topology from example 2.17. 


Example 6.28. (coequalizer of continuous functions) 


The coequalizer of two continuous functions f,9:(X,tx) — (Y,ty) is the coequalizer of the 
underlying functions of sets 


Y — coeq(f, 9) 


e| [> 


(hence the quotient set by the equivalence relation generated by the relation f(x) ~ g(x) for 
all x € X) and equipped with the quotient topology, example 2.18. 


Example 6.29. (union of two open or two closed subspaces is pushout) 


Let X be a topological space and let A,B c X be subspaces such that 


1. A,B c X are both open subsets or are both closed subsets; 


2. they constitute a cover: X = AUB 


Write i,:A > X and ig:B > X for the corresponding inclusion continuous functions. 


Then the commuting square 


ANB — A 
L (po) pia 


B — xXx 
'B 


is a pushout square in Top (example 6.15). 


By the universal property of the pushout this means in particular that for Y any topological 
space then a function of underlying sets 


f:x—-Y 


is a continuous function as soon as its two restrictions 


jee ae f\lyek— 2s 
are continuous. 


More generally if {U; c X},_, is a cover of X by an arbitrary set of open subsets or by a finite 
set of closed subsets, then a function f:X > Y is continuous precisely if all its restrictions 
flu, for ie J are continuous. 


Proof. By prop. 6.16 the underlying diagram of underlying sets is clearly a pushout in Set. 
Therefore, by prop. 6.20, we need to show that the topology on X is the final topology (def. 
6.17) induced by the set of functions {i,,iz,}, hence that a subset S c X is an open subset 
precisely if the pre-images (restrictions) 


i O=snA and “BB Sj=S08 
are open subsets of A and B, respectively. 


Now by definition of the subspace topology, if Sc X is open, then the intersections ANS CA 
and BN S CB are open in these subspaces. 


Conversely, assume that ANS c A and BN S CB are open. We need to show that then S c X is 
open. 


Consider now first the case that A; B c X are both open open. Then by the nature of the 
subspace topology, that An S is open in A means that there is an open subset S, c X such 
that An S =AnS,. Since the intersection of two open subsets is open, this implies that ANS, 
and hence ANS is open. Similarly Bn S. Therefore 


S=SNX 
= Sn (AUB) 
= (SNA) U(SNB) 


is the union of two open subsets and therefore open. 
Now consider the case that A,B c X are both closed subsets. 


Again by the nature of the subspace topology, that AnS c A and BN S$ CB are open means 
that there exist open subsets S,,5, ¢ X such that ANS =ANS, and BNS=BNS;. Since 

A,B < X are closed by assumption, this means that A\5,B\ Sc X are still closed, hence that 
X\(A\S),X \(B\S) CX are open. 


Now observe that (by de Morgan duality) 


S=X\(X\S) 

= X\ ((AUB)\S) 

= X\((A\5S)U (B\S)) 
=(X\ A\S))AX\(B\S)). 
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This exhibits S as the intersection of two open subsets, hence as open. [ff 


Example 6.30. (attachment spaces) 


Consider a cospan diagram (example 6.7) of continuous functions 


(Ata) > (Wty) 
fy 


(X, Tx) 
The colimit under this diagram called the pushout (example 6.15) 
(Ata) > (¥, ty) 
FL (po) Lar 
(%Tx) — (4% Tx) ae (Y, Ty) . 
TA) 


Consider on the disjoint union set X UY the equivalence relation generated by the relation 


(x~y) @ (3, = f@andy = g(a))). 


Then prop. 6.20 implies that the pushout is equivalently the quotient topological space 
(example 2.18) by this equivalence relation of the disjoint union space (example 2.16) of X 
and Y: 


(X, Tx) ae (Y,ty) = (XUY,txyy))/~ - 
»TA) 


af = eos 4 If g is an topological subspace 
a sinh inclusion A c X, then in topology 
\f =_ es | its pushout along f is traditionally 
: \ /YU;X written as 


WS: ee ip : ae X Ur Yo (x, Tx) Onna (Y, Ty) 


and called the attachment space 
(sometimes: attaching space or adjunction space) of Ac X along f. 


(graphics from Aguilar-Gitler-Prieto 02) 


Example 6.31. (n-sphere as pushout of the equator inclusions into its hemispheres) 
As an important special case of example 6.30, let 
i, : S"~* — D”™ 


be the canonical inclusion of the standard (n-1)-sphere as the boundary of the standard 
n-disk (example 2.21). 


Then the colimit of topological spaces under the span diagram, 
D” it gn-1 Js; D™ 


is the topological n-sphere S” (example 2.21): 


88 


= i 
gn 1 7%, Dp” 


in (po) J: 
D” -— sg” 
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(graphics from Ueno-Shiga-Morita 95) 


In generalization of this example, we 
have the following important concept: 


Definition 6.32. (single cell attachment) 


For X any topological space and for n EN, then an n-ce// attachment to X is the result of 
gluing an n-disk to X, along a prescribed image of its bounding (n-1)-sphere (def. 2.21): 


Let 
f:S" 1X 


be a continuous function, then the space attachment (example 6.30) 


X Ug D" € Top 


is the topological space which is the pushout of the boundary inclusion of the n-sphere 
along ¢, hence the universal space that makes the following diagram commute: 


gn-i x xX 


™ | (po) l 
D™ — XvugD" 
Example 6.33. (discrete topological spaces from O-cell attachment to the empty 
space) 


A single cell attachment of a O-cell, according to example 6.32 is the same as forming the 
disjoint union space X u * with the point space +: 


(st=0) 5 x 


L (po) 1 
(D° =*) — XU» 
In particular if we start with the empty topological space X = @ itself (example 2.11), then 


by attaching O-cells we obtain a discrete topological space. To this then we may attach 
higher dimensional cells. 


Definition 6.34. (attaching many cells at once) 


If we have a set of attaching maps {s"~* Ba X},<, (as in def. 6.32), all to the same space x, 


we may think of these as one single continuous function out of the disjoint union space of 
their domain spheres 


. j-1 
pier: a a 


Then the result of attaching a// the corresponding n-cells to X is the pushout of the 
corresponding disjoint union of boundary inclusions: 


ust} (Ppier x 
tel 


L (po) L 


n 
er D a ” mC) 


(u D") 


iel sje] 


Apart from attaching a set of cells all at once to a fixed base space, we may “attach cells to 
cells” in that after forming a given cell attachment, then we further attach cells to the 
resulting attaching space, and ever so on: 


Definition 6.35. (relative cell complexes and CW-complexes) 


Let X be a topological space, then A topological relative cell complex of countable height 
based on X is a continuous function 


f:X —~Y 


and a sequential diagram of topological space of the form 


X=Xo SX, S X2 S X3 rains 
such that 


1. each X, & Xx4,1 iS exhibited as a cell attachment according to def. 6.34, hence 
presented by a pushout diagram of the form 


u smn} (pier Xe 
tel 


L (po) L 


os 
eer Aes 


2.Y= Ae X, is the union of all these cell attachments, and f:X — Y is the canonical 


inclusion; or stated more abstractly: the map f:X — Y is the inclusion of the first 
component of the diagram into its colimiting cocone lim Xx! 


X= Xo = Xi = X2 = 
ry l VA 
Y =limX, 
> 
If here X = @ is the empty space then the result is a map @ © Y, which is equivalently just a 


space Y built form “attaching cells to nothing”. This is then called just a topological cell 
complex of countable hight. 


Finally, a topological (relative) cell complex of countable hight is called a CW-complex is 
the (k + 1)-st cell attachment X;, > X,4, is entirely by (k + 1)-cells, hence exhibited 
specifically by a pushout of the following form: 


pi 
u sk Viel Xx 
L (po) L 
pe > Mees 


Given a CW-complex, then X,, is also called its n-skeleton. 


A finite CW-complex is one which admits a presentation in which there are only finitely 
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many attaching maps, and similarly a countable CW-complex is one which admits a 
presentation with countably many attaching maps. 


7. Subspaces 


We discuss special classes of subspaces of topological spaces that play an important role in 
the theory, in particular for the discussion of topological manifolds below: 


1. Connected components 


2. Embeddings 
Connected components 
Via homeomorphism to disjoint union spaces one may characterize whether topological 


spaces are connected (def. 7.1 below), and one may decompose every topological space into 
its connected components (def. 7.8 below). 


The important subtlety in to beware of is that a topological space is not in general the 
disjoint union space of its connected components. The extreme case of this phenomenon are 
totally disconnected topological spaces (def. 7.13 below) which are nevertheless not discrete 
(examples 7.15 and 7.16 below). Spaces which are free from this exotic behaviour include 
the locally connected topological spaces (def. 7.17 below) and in particular the locally path- 
connected topological spaces (def. 7.32 below). 


Definition 7.1. (connected topological space) 


A topological space (X,t) (def. 2.3) is called connected if the following equivalent conditions 
hold: 


1. For all pairs of topological spaces (X,,t7,),(X2,T) such that (x,t) is homeomorphic (def. 
3.22) to their disjoint union space (def. 2.16) 


(X,T) = (X4,71) U (X2,T2) 
then exactly one of the two spaces is the empty space (example 2.11). 
2. For all pairs of open subsets U,,U, c X if 
U,UU,=X and U,NU,=9 
then exactly one of the two subsets is the empty set; 


3. if a subset CO € X is both an open subset and a closed subset (def. 2.24) then CO = X if 
and only if CO is non-empty. 


Lemma 7.2. The conditions in def. 7.1 are indeed equivalent. 
Proof. First consider the equivalence of the first two statements: 


Suppose that in every disjoint union decomposition of (X,r) exactly one summand is empty. 
Now consider two disjoint open subsets U,,U, < X whose union is X and whose intersection is 
empty. We need to show that exactly one of the two subsets is empty. 


Write (U,,t,) and (U,,t,) for the corresponding topological subspaces. Then observe that from 
the definition of subspace topology (example 2.17) and of the disjoint union space (example 
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2.16) we have a homeomorphism 


X = (U4,T,) U (U2, T2) 


because by assumption every open subset U c X is the disjoint union of open subsets of U, 
and U,, respectively: 


U=UNX =UN(U,UU2) = (UNU,) UCU NU), 
which is the definition of the disjoint union topology. 


Hence by assumption exactly one of the two summand spaces is the empty space and hence 
the underlying set is the empty set. 


Conversely, suppose that for every pair of open subsets U,,U, c U with U,; UU, = X and 

U, NU, = @ then exactly one of the two is empty. Now consider a homeomorphism of the 
form (X,T) = (X1,71) U (X2,T2). By the nature of the disjoint union space this means that 

X,,X2 < X are disjoint open subsets of X which cover X. So by assumption precisely one of the 
two subsets is the empty set and hence precisely one of the two topological spaces is the 
empty space. 


Now regarding the equivalence to the third statement: 


If a subset CO c X is both closed and open, this means equivalently that it is open and that 
its complement X \ CO is also open, hence equivalently that there are two open subsets 

CO, X\CO c X whose union is X and whose intersection is empty. This way the third condition is 
equivalent to the second, hence also to the first. If 


Remark 7.3. (empty space is not connected) 


According to def. 7.1 the empty topological space @ (def. 2.11) is not connected, since 
@ ~ @U@, where both instead of exactly one of the summands are empty. 


Of course it is immediate to change def. 7.1 so that it would regard the empty space as 
connected. This is a matter of convention. 


Example 7.4. (connected subspaces of the real line are the intervals) 


Regard the real line with its Euclidean metric topology (example 1.6, 2.10). Then a 
subspace S$ c R (example 2.17) is connected (def. 7.1) precisely if it is an interval, hence 
precisely if 


wee a <r<y)>(réS)). 
Proof. Suppose on the contrary that we had x <r<y butr¢€5S. Then by the nature of the 
subspace topology there would be a decomposition of S as a disjoint union of disjoint open 
subsets: 


S = (SN (r,0)) U (SN (--,7r)) . 


But since x <r and r</y both these open subsets were non-empty, thus contradicting the 
assumption that S is connected. This yields a proof by contradiction. 


Proposition 7.5. (continuous images of connected spaces are connected) 


Let X be a connected topological space (def. 7.1), let Y be any topological space, and let 


f:x—-Y 
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be a continuous function (def. 3.1). This factors via continuous functions through the 


image 
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f tal surjective FX) 


injective 


for f(X) equipped either with he subspace topology relative to Y or the quotient topology 
relative to X (example 3.10). In either case: 


If X is a connected topological space (def. 7.1), then so is f(X). 


In particular connectedness is a topological property (def. 3.22). 


Proof. Let U,,Uz ¢ f(X) be two open subsets such that U, U Uz = f(X) and U,; NU, = @. We 
need to show that precisely one of them is the empty set. 


Since p is a continuous function, also the pre-images p~1(U,),p~1(U2) c X are open subsets 
and are still disjoint. Since p is surjective it also follows that p~1(U,) Up 4(U,) = X. Since X is 
connected, it follows that one of these two pre-images is the empty set. But again sicne p is 
surjective, this implies that precisely one of U,,Uz is empty, which means that f(X) is 
connected. 


This yields yet another quick proof via topology of a classical fact of analysis: 
Corollary 7.6. (intermediate value theorem) 


Regard the real numbers R with their Euclidean metric topology (example 1.6, example 
2.10), and consider a closed interval [a,b] c R (example 1.13) equipped with its subspace 


topology (example 2.17). 


Then a continuous function (def. 3.1) 


f:[ab] ~R 
takes every value in between f(a) and f(b). 


Proof. By example 7.4 the interval [a,b] is connected. By prop. 7.5 also its image f([a,b]) c R 
is connected. By example 7.4 that image is hence itself an interval. This implies the 
claim. ff 


Example 7.7. (product space of connected spaces is connected) 


Let {Xi},¢, 
topological space [] 


be a set of connected topological spaces (def. 7.1). Then also their product 
X; (example 6.25) is connected. 


iel 


Proof. Let U,,U2 © J];_-,X; be an open cover of the product space by two disjoint open 
subsets. We need to show that precisely one of the two is empty. Since each X; is connected 


and hence non-empty, the product space is not empty, and hence it is sufficient to show that 
at least one of the two is empty. 


Assume on the contrary that both U,; and U, were non-empty. 


Observe first that if so, then we could find x, € U, and x, € U, whose coordinates differed only 
in a finite subset of J. This is since by the nature of the Tychonoff topology 7,(U,) = X; and 
m;(U2) = X; for all but a finite number of i € i. 


Next observe that we then could even find x’, € U, that differed only in a single coordinate 
from x,: Because pick one coordinate in which x, differs from x, and change it to the 


corresponding coordinate of x,. Since U; and U, are a cover, the resulting point is either in U, 
or in U2. If itis in Uz, then x, already differed in only one coordinate from x, and we may 
take x’, = x,. If instead the new point is in U,, then rename it to x, and repeat the 
argument. By induction this finally yields an x’, as claimed. 


Therefore it is now sufficient to see that it leads to a contradiction to assume that there are 
points x, € U, and x, € U, that differ in only the i,th coordinate, for some iy € J, in that this 
would imply that x, = x2. 


Observe that the inclusion 
Xj, —_— | | 
iel 


which is the identity on the i,th component and is otherwise constant on the ith component 
of x, or equivalently of x, is a continuous function, by the nature of the Tychonoff topology 
(example 6.25). 


Therefore also the restrictions .~1(U,) and .~1(U,) are open subsets. Moreover they are still 
disjoint and cover X;,. Hence by the connectedness of X;,, precisely one of them is empty. 
This means that the i,.-component of both x, and x. must be in the other subset of X;, and 
hence that x, and x, must both be in U, or both in Uz, contrary to the assumption. ff 


While topological spaces are not always connected, they always decompose at /east as sets 
into their connected components: 


Definition 7.8. (connected components) 


For (X,t) a topological space, then its connected components are the equivalence classes 
under the equivalence relation on X which regards two points as equivalent if they both sit 
in some subset which, as a topological subspace (example 2.17), is connected (def. 7.1): 


(x~y) = (2 (@y €U) and (Uis connected)) ) : 


Equivalently, the connected components are the maximal elements in the pre-ordered set 
of connected subspaces, pre-ordred by inclusion. 


Example 7.9. (connected components of disjoint union spaces) 


For {X;},., an J-indexed set of connected topological spaces, then the set of connected 
components (def. 7.8) of their disjoint union space 2, X,; (example 2.16) is the index set /. 


In general the situation is more complicated than in example 7.9, this we come to in 
examples 7.15 and 7.16 below. But first notice some basic properties of connected 
components: 


Proposition 7.10. (topological closure of connected subspace is connected) 


Let (X,t) be a topological space and let S c X be a subset which, as a subspace, is 
connected (def. 7.1). Then also the topological closure C\(S) c X is connected 


Proof. Suppose that Cl(S) = AUB with A,B c X disjoint open subsets. We need to show that 
one of the two is empty. 


But also the intersections AnNS,BOS CS are disjoint subsets, open as subsets of the 
subspace S with S = (ANS) U(BNS). Hence by the connectedness of S, one of ANS or BN S is 
empty. Assume BN S is empty, otherwise rename. Hence An S = S, or equivalently: S c A. By 
disjointness of A and B this means that S c Cl(S) \ B. But since B is open, Cl(S) \ B is still 
closed, so that 


(S ¢ Cl(S) \ B) > (CI(S) € CI(S) \ B) . 
This means that B = @, and hence that Cl(S) is connected. 


Proposition 7.11. (connected components are closed) 


Let (X,t) be a topological space. Then its connected components (def. 7.8) are closed 
subsets. 


Proof. By definition, the connected components are maximal elements in the set of 
connected subspaces pre-ordered by inclusion. Assume a connected component U were not 
closed. By prop. 7.10 its closure Cl(U) is still closed, and would be strictly larger, contradicting 
the maximality of U. This yields a proof by contradiction. 


Remark 7.12. Prop. 7.11 implies that when a space has a finite set of connected 
components, then they are not just closed but also open, hence clopen subsets (because 
then each is the complement of a finite union of closed subspaces). This in turn means that 
the space is the disjoint union space of its connected components. 


For a non-finite set of connected components this remains true if the space is locally 
connected see def. 7.17, lemma 7.18 below. 


We now highlight the subtlety that not every topological space is the disjoint union of its 
connected components. For this it is useful to consider the following extreme situation: 


Definition 7.13. (totally disconnected topological space) 


A topological space is called totally disconnected if all its connected components (def. 7.8) 
are singletons, hence point spaces (example 3.27). 


The trivial class of examples is this: 


Example 7.14. (discrete topological spaces are totally disconnected) 


Every discrete topological space (example 2.14) is a totally disconnected topological space 
(def. 7.13). 


But the important point is that there are non-discrete totally disconnected topological 
spaces: 


Example 7.15. (the rational numbers are totally disconnected but non-discrete 
topological space) 


The rational numbers Q c R equipped with their subspace topology (def. 2.17) inherited 
from the Euclidean metric topology (example 1.6, example 2.10) on the real numbers, 
form a totally disconnected space (def. 7.13), but not a discrete topological space 
(example 2.14). 


Proof. It is clear that the subspace topology is not discrete, since the singletons {q} c Q are 
not open subsets (because their pre-image in R are still singletons, and the points in a metric 
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space are closed, by example 4.8 and prop. 4.11). 
What we need to see is that Q c R is nevertheless totally disconnected: 


By construction, a base for the topology (def. 2.8) is given by the open subsets which are 
restrictions of open intervals of real numbers to the rational numbers 


(a, b)y = (a,b) NQ 


fora<beR. 


Now for any such a < b there exists an irrational number r € R\Q with a<r<b. This being 
irrational implies that (a, Ng FQ and (r, b)y © Qare disjoint subsets. Therefore every basic 
open subset is the disjoint union of (at least) two open subsets: 


(a, b)g = (4a, Ne U(r, b)g ; 


Hence no non-empty open subspace of the rational numbers is connected. 


Example 7.16. (Cantor space is totally disconnected but non-discrete) 


The Cantor space [],,-, Disc({0,1}) (example 6.26) is a totally disconnected topological 
space (def. 7.13) but is not a discrete topological space. 


Proof. The base opens (def. 2.8) of the product topological space [] 
6.25) are of the form 


Disc({1,2}) (example 


neNn 
[1.)*( [] #2): 
i€ICN kEN\I 

for 1 CN a finite subset. 


First of all this is not the discrete topology, for that also contains infinite products of proper 
subsets of {1,2} as open subsets, hence is strictly finer. 


On the other hand, since / CN is finite, N \/J is non-empty and hence there exists some ky € N 
such that the corresponding factor in the above product is the full set {1,2}. But then the 
above subset is the disjoint union of the open subsets 


(Dx. *( I] ui) x( I] (1,23) and Dr, *( I] ui) x( I] (1,23). 


i€I\ {kg }CN KEN \ (IU{Kp}) i€I\ {kg }CN kEN\(I\kg) 


In particular if x # y are two distinct points in the original open subset, them being distinct 
means that there is a smallest ky € N such that they have different coordinates in {1,2} in that 
position. By the above this implies that they belong to different connected components. & 


In applications to geometry (such as in the definition of topological manifolds below) one is 
typically interested in topological spaces which do not share the phenomenon of examples 
7.15 or 7.16, hence which are the disjoint union of their connected components: 


Definition 7.17. (locally connected topological spaces) 


A topological space (X,t) is called locally connected if the following equivalent conditions 
hold: 


1. For every point x and every neighbourhood U,, > {x} there is a connected (def. 7.1) 
open neighbourhood Cn, ¢ U,. 
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2. Every connected component of every open subspace of X is open. 


3. Every open subspace (example 2.17) is the disjoint union space (def. 2.16) of its 
connected components (def. 7.8). 


Lemma 7.18. The conditions in def. 7.17 are indeed all equivalent. 
Proof. 
1) > 2) 


Assume every neighbourhood of X contains a connected neighbourhood and let Uc X be an 
open subset with Uy c U a connected component. We need to show that Uy is open. 


Consider any point x € Uy. Since then also x € U, there is a connected open neighbourhood 
Ux Of x in X. Observe that this must be contained in Uo, for if it were not then Up UU, were 
a larger open connected open neighbourhood, contradicting the maximality of the connected 
component U,. 


Hence Uy = Yu Ux is a union of open subsets, and hence itself open. 
xEUQ 


2) > 3) 


Now assume that every connected component of every open subset U is open. Since the 
connected components generally constitute a cover of X by disjoint subsets, this means that 
now they form an open cover by disjoint subsets. But by forming intersections with the cover 
this implies that every open subset of U is the disjoint union of open subsets of the 
connected components (and of course every union of open subsets of the connected 
components is still open in U), which is the definition of the topology on the disjoint union 
space of the connected components. 


3) => 1) 


Finally assume that every open subspace is the disjoint union of its connected components. 
Let x be a point and U,, > {x} a neighbourhood. We need to show that U,, contains a connected 


neighbourhood of x. 


But, by definition, U,, contains an open neighbourhood of x and by assumption this 
decomposes as the disjoint union of its connected components. One of these contains x. 
Since in a disjoint union space all summands are open, this is the required connected open 
neighbourhod. 


Example 7.19. (Euclidean space is locally connected) 


For n € N the Euclidean space R” (example 1.6) (with its metric topology, example 2.10) is 
locally connected (def. 7.17). 


Proof. By nature of the Euclidean metric topology, every neighbourhood U, of a point x 
contains an open ball containing x (def. 1.2). Moreover, every open ball clearly contains an 
open cube, hence a product space Tie g-.n} (x; — €,x; + €) Of open intervals which is still a 


neighbourhood of x (example 3.30). 


Now intervals are connected by example 7.4 and product spaces of connected spaces are 
connected by example 7.7. This shows that ever open neighbourhood contains a connected 
neighbourhood, which is the characterization of local connectedness in the first item of def. 
7.17. 
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Proposition 7.20. (open subspace of locally connected space is locally connected) 


Every open subspace (example 2.17) of a locally connected topological space (example 
7.17) is itself locally connected 


Proof. This is immediate from the first item of def. 7.17. I 


Another important class of examples of locally connected topological spaces are topological 
manifolds, this we discuss as prop. 11.2 below. 


|" 


There is also a concept of connectedness which is “geometric” instead of “purely topologica 
by definition: 


Definition 7.21. (path) 


Let X be a topological space. Then a path or continuous curve in X is a continuous function 


y: [0,1] —~xX 


from the closed interval (example 1.13) equipped with its Euclidean metric topology 
(example 1.6, example 2.10). 


We say that this path connects its endpoints y(0),y(1) € X. 
The following is obvious, but the construction is important: 
Lemma 7.22. (being connected by a path is equivalence relation) 


Let (X,t) be a topological space. Being connected by a path (def. 7.21) is an equivalence 
relation ~pco, On the underlying set of points x. 


Proof. We need to show that the relation is reflexive, symmetric and transitive. 


For x € X a point, then the constant function with value x 


const, : [0,1] > * —¥X 
is continuous (example 3.6). Therefore x ~pcon x for all points (reflexivity). 
For x,y € X two points and 

y : [0,1] ~X 

a path connecting them, then the reverse path 

fo, 1) 2° [0,1] 2. x 
is continuous (the function [0, 1] ane [0,1] is continuous because polynomials are continuous 
). Hence with x ~pcon y alSO y ~pcon x (Symmetry). 


For x,y,z € X three points and for 
Yp¥z : [0,1] — xX 


two paths with y,(0) = x, y,(1) =y,(0) = y and y,(1) =z 


98 


pahntom Ay Y 
¥,(4) ~~~} 7, (D =7,(0) ~ ¥,(D 


consider the function 


Ot | S's? 
y,(2t—1) | 1/2<t<1 
This is a continuous function by example 6.29, hence this constitutes a path connecting x 


with z (the “concatenated path”). Therefore x ~pcon y ANd Y ~pcon Z IMplieS x ~peon Z 
(transitivity). I 


Definition 7.23. (path-connected components) 


Let X be a topological space. The equivalence classes of the equivalence relation 
“connected by a path” (def. 7.21, lemma 7.22) are called the path-connected components 
of X. The set of the path-connected components is usually denoted 


MT) (X) = X/ ~pcon : 


(The notation reflects the fact that this is the degree-zero case of a more general concept 
of homotopy groups z,, for alln € N. We discuss the fundamental group nm, in part 2. The 
higher homotopy groups are discussed in Introduction to Homotopy Theory). 


If there is a single path-connected component (7 (*) = *), then X is called a path- 
connected topological space. 


Example 7.24. (Euclidean space is path-connected) 


For n € N then Euclidean space R” is a path-connected topological space (def. 7.23). 


Because for x,y € R”, consider the function 


ay R® 


t ww ty+-t)x 


This clearly has the property that y(0) = x and y(1) = y. Moreover, it is a polynomial 
function and polynomials are continuous functions (example 1.10). 


Example 7.25. (continuous image of path-connected space is path-connected) 


Let X be a path-connected topological space and let 


f:X —~Y 


be a continuous function. Then also the image f(X) of X 


Dp 
surjective f (X) injective 


with either of its two possible topologies (example 3.10) is path-connected. 


In particular path-connectedness is a topological property (def. 3.22). 


Proof. Let x,y € X be two points. Since p : X > f(X) is surjective, there are pre-images 
p \(x),p +(y) € X. Since X is path-connected, there is a continuous function 


99 


y:[0,1] — xX 


with y(0) = p~4(x) and y(1) = p~1(y). Since the composition of continuous functions is 
continuous, it follows that poy : [0,1] > f(x) is a path connecting x with y. i 


Remark 7.26. (path space) 


Let X be a topological space. Since the interval [0,1] is a locally compact topological space 
(example 8.38) there is the mapping space 


PX := Maps((0, 1], X) 


hence the set of paths in X (def. 7.21) equipped with the compact-open topology (def. 
8.44), 


This is often called the path space of X. 


By functoriality of the mapping space (remark 8.46) the two endpoint inclusions 


constg const, 
* — > [0,1] and * —— [0,1] 


induce two continuous functions of the form 


constg 
PX = Maps([0,1],X) _- Maps(*,X) =X. 


* 
const; 


The coequalizer (example 6.28) of these two functions is the set m)(X) of path-connected 
components (def. 7.23) topologized with the corresponding final topology (def. 6.17). 


Lemma 7.27. (path-connected spaces are connected) 


A path connected topological space xX (def. 7.23) is connected (def. 7.1). 


Proof. Assume it were not, then it would be covered by two disjoint non-empty open subsets 
U,,U, < X. But by path connectedness there were a continuous path y:[0,1] — X from a point 


in one of the open subsets to a point in the other. The continuity would imply that 
y *(U,),y 1(U2) € [0,1] were a disjoint open cover of the interval. This would be in 


contradiction to the fact that intervals are connected. Hence we have a proof by 
contradiction. If 


Definition 7.28. (locally path-connected topological space) 


A topological space X is called locally path-connected if for every point x € X and every 
neighbourhood U,, > {x} there exists a neighbourhood C, c U, which, as a subspace, is path- 


connected (def. 7.23). 


Examples 7.29. (Euclidean space is locally path-connected) 


For n € N then Euclidean space R” (with its metric topology) is locally path-connected, since 
each open ball is a path-connected topological space (example 7.24). 


Example 7.30. (open subspace of locally path-connected space is locally path- 
connected) 


Every open subspace of a locally path-connected topological space is itself locally path- 
connected. 


Another class of examples we consider below: locally Euclidean topological spaces are locally 
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path-connected (prop. 11.2 below). 


Proposition 7.31. Let X be a locally path-connected topological space (def. 7.28). Then 
each of its path-connected components is an open set and a closed set. 


Proof. To see that every path connected component P,, is open, it is sufficient to show that 
every point y € P, has an neighbourhood Uy which is still contained in P,. But by local path 
connectedness, y has a neighbourhood V, which is path connected. It follows by 
concatenation of paths (as in the proof of lemma 7.22) that V, c P,. 


Now each path-connected component P,. is the complement of the union of all the other 
path-connected components. Since these are all open, their union is open, and hence the 
complement P,. is closed. ff 


Proposition 7.32. (in a locally path-connected space connected components 
coincide with path-connected components) 


Let X be a locally path-connected topological space (def. 7.28). Then the connected 
components of X according to def. 7.8 agree with the path-connected components 
according to def. 7.23. 


In particular, locally path connected spaces are locally connected topological spaces (def. 


7.17). 


Proof. A path connected component is always connected by lemma 7.27, and in a locally 
path-connected space it is also open, by prop. 7.31. This implies that the path-connected 
components are maximal connected subspaces, and hence must be the connected 
components. 


Conversely let U be a connected component. It is now sufficient to see that this is path- 
connected. Suppose it were not, then it would be covered by more than one disjoint non- 
empty path-connected components. But by prop. 7.31 these would all be open. This would 
be in contradiction with the assumption that U is connected. Hence we have a proof by 
contradiction. ff 


Embeddings 


Often it is important to know whether a given space is homeomorphism to its image, under 
some continuous function, in some other space. This concept of embedding of topological 
spaces (def. 7.33 below) we will later refine to that of embedding of smooth manifolds 
(below). 


Definition 7.33. (embedding of topological spaces) 


Let (X,ty) and (Y,ty) be topological spaces. A continuous function f : X — Y is called an 
embedding of topological spaces if in its image factorization (example 3.10) 


fi X¥— fy 


with the image f(X) © Y equipped with the subspace topology (example 2.17), we have 
that X > f(X) is a homeomorphism (def. 3.22). 


Proposition 7.34. (open/closed continuous injections are embeddings) 


A continuous function f :(X,ty) > (Y,ty) which is 
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1. an injective function 


2. an open map or a closed map (def. 3.14) 


102 
is an embedding of topological spaces (def. 7.33). 


This is called a closed embedding if the image f(X) c Y is a closed subset. 


Proof. If f is injective, then the map onto its image X - f(X) cY is a bijection. Moreover, it is 
still continuous with respect to the subspace topology on f(X) (example 3.10). Now a 
bijective continuous function is a homeomorphism precisely if it is an open map or a closed 
map, by prop. 3.26 . But the image projection of f has this property, respectively, if f does, 
by prop 3.15. Hf 


The following characterization of closed embeddings uses concepts of (locally) compact 
spaces discussed below. The reader may wish to skip the following and only compact back to 
it in the discussion of embeddings of smooth manifolds further bellow in prop. 11.43. 


Proposition 7.35. (injective proper maps to locally compact spaces are equivalently 
the closed embeddings) 


Let 


1. X be a topological space, 


2. Y a locally compact topological space (def. 8.35), 


3. f:X - Y a continuous function. 


Then the following are equivalent: 


1. f is an injective proper map (prop. 8.12), 


2. f is a closed embedding of topological spaces (def 7.33). 


Proof. In one direction, if f is an injective proper map, then since proper maps to locally 
compact spaces are closed (prop. 8.57), we have that f is also closed map. The claim then 
follows since closed injections are embeddings (prop. 7.34), and since the image of a closed 
map is closed, by definition. 


Conversely, if f is a closed embedding, we only need to show that the embedding map is 
proper. So for C c Y a compact subspace, we need to show that the pre-image f *(C) c X is 
also compact. But since f is an injection (being an embedding), that pre-image is 
equivalently just the intersection f ~1(C) =~ Cn f(X) c Y, regarded as a subspace of Y. 


To see that this is compact, let {V; < X},., be an open cover of the subspace Cn f(x), hence, 
by the nature of the subspace topology, let {U; c Y},_, be a set of open subsets of Y, which 
cover Cn f(X) cY and with V; the restriction of U; to Cn f(X). Now since f(x) cY is closed by 
assumption, it follows that the complement Y \ f(X) is open and hence that 


Wi cY3,<, UM \ FXO} 


is an open cover of C c Y. By compactness of C this has a finite subcover. Since restricting 
that finite subcover back to Cn f(X) makes the potential element Y \ f(x) disappear, this 
restriction is a finite subcover of {V; c Cn f(X)}. This shows that Cn f(x) is compact. 


8. Compact spaces 


We discuss compact topological spaces (def 8.2 below), the generalization of compact metric 
spaces above. Compact spaces are in some sense the “small” objects among topological 
spaces, analogous in topology to what finite sets are in set theory, or what finite-dimensional 
vector spaces are in linear algebra, and equally important in the theory. 


Prop. 1.21 suggests the following simple definition 8.2: 
Definition 8.1. (open cover) 


An open cover of a topological space (X,r) (def. 2.3) is a set {U; c X},_, of open subsets U; 
of X, indexed by some set J, such that their union is all of xX: ¥, U; = X. 


A subcover of a cover is a subset J c/ such that {U; c X} is still a cover. 


iescl 


Definition 8.2. (compact topological space) 


A topological space X (def. 2.3) is called a compact topological space if every open cover 
{U; © X},., (def. 8.1) has a finite subcover in that there is a finite subset J c J such that 


{U; © X},., is still a cover of X in that also a U; =X. 
L 


Remark 8.3. (varying terminology regarding “compact”) 
Beware the following terminology issue which persists in the literature: 


Some authors use “compact” to mean “Hausdorff and compact”. To disambiguate this, 
some authors (mostly in algebraic geometry, but also for instance Waldhausen) say “quasi- 
compact” for what we call “compact” in def. 8.2. 


There are several equivalent reformulations of the compactness condition. An immediate 
reformulation is prop. 8.4, a more subtle one is prop. 8.15 further below. 


Proposition 8.4. (compactness in terms of closed subsets) 


Let (X,t) be a topological space. Then the following are equivalent: 


1. (X,t) is compact in the sense of def. 8.2. 


2. Let {C; < X},_, be a set of closed subsets (def. 2.24) such that their intersection is 
empty sal C; = @, then there is a finite subset J cI such that the corresponding finite 
L 


intersection is still empty Os C; = @. 


3. Let {C; < X},_, be a set of closed subsets (def. 2.24) such that it enjoys the finite 
intersection property, meaning that for every finite subset J] cI then the 
corresponding finite intersection is non-empty eu C; # @. Then also the total 


intersection is non-empty, oO C, + @. 
L 


Proof. The equivalence between the first and the second statement is immediate from the 
definitions after expressing open subsets as complements of closed subsets U; = X \ C; and 
applying de Morgan's law (prop. 0.3). 


We discuss the equivalence between the first and the third statement: 
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In one direction, assume that (X,t) is compact in the sense of def. 8.2, and that {C; c X} 
satisfies the finite intersection property. We need to show that then oO Ci, +O. 
L 


ie! 


Assume that this were not the case, hence assume that ah C; = @. This would imply that the 
L 


open complements were an open cover of X (def. 8.1) 
{U; = X\ Ci 


ter” 


because (using de Morgan's law, prop. 0.3) 


er Ue BANG 


But then by compactness of (X,t) there were a finite subset / c J such that {U; c Xieyc, Were 
still an open cover, hence that pi = X. Translating this back through the de Morgan's law 


again this would mean that 


is =*\ (4,4) 


= X\( U x\ Ci) 


iesJcl 


= 9 X\X\C) 


iesjcl 


OO Cj. 
tescl 


This would be in contradiction with the finite intersection property of {C; c X} and hence 


iel! 
we have proof by contradiction. 


Conversely, assume that every set of closed subsets in X with the finite intersection property 
has non-empty total intersection. We need to show that the every open cover {U; c X},_, of X 


has a finite subcover. 


Write C; = X \ U; for the closed complements of these open subsets. 


Assume on the contrary that there were no finite subset J c J such that ae Ui = X, hence no 
L (os 


finite subset such that hh , C; = @. This would mean that {C; c xX}._, satisfied the finite 
L i= 


iel 


intersection property. 


But by assumption this would imply that 2, C; #0, which, again by de Morgan, would mean 


that uv U; # X. But this contradicts the assumption that the {U; c X},_, are a cover. Hence we 
L 


ier 


have a proof by contradiction. [J 


Example 8.5. (finite discrete spaces are compact) 


A discrete topological space (def. 2.14) is compact (def. 8.2) precisely if its underlying set 
is a finite set. 


Example 8.6. (closed intervals are compact topological spaces) 


For any a<b €R the closed interval (example 1.13) 
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[a,b] CR 


regarded with its subspace topology of Euclidean space (example 1.6) with its metric 
topology (example 2.10) is a compact topological space (def. 8.2). 


Proof. Since all the closed intervals are homeomorphic (by example 3.28) it is sufficient to 
show the statement for [0,1]. Hence let {U; c [0,1]}.., be an open cover (def. 8.1). We need to 


show that it has an open subcover. 


iel 
Say that an element x € [0,1] is admissible if the closed sub-interval [0, x] is covered by 
finitely many of the U;. In this terminology, what we need to show is that 1 is admissible. 
Observe from the definition that 

1. 0 is admissible, 

2. if y<x €[0,1] and x is admissible, then also y is admissible. 
This means that the set of admissible x forms either 

1. an open interval [0, g) 


2. or a closed interval [0, g], 


for some g € [0,1]. We need to show that the latter is true, and for g = 1. We do so by 
observing that the alternatives lead to contradictions: 


1. Assume that the set of admissible values were an open interval [0, g). Pick an i, € J such 
that g € U;, (this exists because of the covering property). Since such U;, is an open 
neighbourhood of g, there is a positive real number e such that the open ball By(e) c U;, 


is still contained in the patch. It follows that there is an element 
x € Bg(e)N[0,g) C Ui, N[0,g) and such that there is a finite subset J c/ with 


(iC [1B e;c; 4 finite open cover of [0,x). It follows that {U; ¢ [0, 1}},c;c, U{Ui,} were a 
finite open cover of [0, g], hence that g itself were still admissible, in contradiction to the 
assumption. 


2. Assume that the set of admissible values were a closed interval [0,g] for g <1. By 
assumption there would then be a finite set J c J such that {U; c [0, 1B eye, Were a finite 
cover of [0,g]. Hence there would be an index i, € J such that g € Vig: But then by the 
nature of open subsets in the Euclidean space R, this Ui, would also contain an open 


ball Bg (€) = (g-—€,g + €). This would mean that the set of admissible values includes the 
open interval [0,g + 6), contradicting the assumption. 


This gives a proof by contradiction. 
In contrast: 
Nonexample 8.7. (Euclidean space is non-compact) 


For alln€N, n>0, the Euclidean space R” (example 1.6), regarded with its metric 
topology (example 2.10), is not a compact topological space (def. 8.2). 


Proof. Pick any ¢« € (0,1/2). Consider the open cover of R” given by 


{U, = (n-ent1texR™ > als ae ; 
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This is not a finite cover, and removing any one of its patches U,,, it ceases to be a cover, 


since the points of the form (n + €, x2, x3,°+,X,) are contained only in U, and in no other 
patch. ff 


Below we prove the Heine-Borel theorem (prop. 8.27) which generalizes example 8.6 and 
example 8.7. 


Example 8.8. (unions and [[intersection9] of compact spaces) 


Let (X,t) be a topological space and let 


{Kj ¢ X} 


iel 


be a set of compact subspaces. 


1. If J is a finite set, then the union u K,; c X is itself a compact subspace; 
L 


2. If all K; c X are also closed subsets then their intersection a K; ¢X is itself a compact 
L 


subspace. 


Example 8.9. (complement of compact by open subspaces is compact) 


Let X be a topological space. Let 


1. K c X be a compact subspace; 


2. Uc xX be an open subset. 
Then the complement 
eVvex 
is itself a compact subspace. 


In analysis, the extreme value theorem (example 8.13 below) asserts that a real-valued 
continuous function on the bounded closed interval (def. 1.13) attains its maximum and 
minimum. The following is the generalization of this statement to general topological spaces, 
cast in terms of the more abstract concept of compactness from def. 8.2: 


Lemma 8.10. (continuous surjections out of compact spaces have compact 


codomain) 


Let f :(X,ty) — (Y, ty) be a continuous function between topological spaces such that 


1. (X,tx) is a compact topological space (def. 8.2); 


2. f:X > Y is a surjective function. 


Then also (Y,ty) is compact. 


Proof. Let {U; < Y},., be an open cover of Y (def. 8.1). We need show that this has a finite 
sub-cover. 


By the continuity of f the pre-images f~*(U;) form an open cover {f~*(U;) € X},., of X. Hence 
by compactness of X, there exists a finite subset J c J such that {f *(U;) ¢ X} 
open cover of X. Finally, by surjectivity of f it it follows that 


is still an 


iejJcl 
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y=) 
=f(y f"wo) 
= uJ; 


where we used that images of unions are unions of images. 


This means that also {U; ¢ Yes 
subcover of the original cover. If 


is still an open cover of Y, and in particular a finite 


As a direct corollary of lemma 8.10 we obtain: 


Proposition 8.11. (continuous images of compact spaces are compact) 


If f:X — Y is a continuous function out of a compact topological space X (def. 8.2) which is 
not necessarily surjective, then we may consider its image factorization 


f:X—f@)—--Y 


as in example 3.10. Now by construction X > f(X) is surjective, and so lemma 8.10 implies 
that f(x) is compact. 


The converse to cor. 8.11 does not hold in general: the pre-image of a compact subset under 
a continuous function need not be compact again. If this is the case, then we speak of proper 
maps: 


Definition 8.12. (proper maps) 


A continuous function f:(X,ty) > (Y,ty) is called proper if for C € Y a compact topological 
subspace of Y, then also its pre-image f *(C) is compact in xX. 


As a first useful application of the topological concept of compactness we obtain a quick proof 
of the following classical result from analysis: 


Proposition 8.13. (extreme value theorem) 


Let C be a compact topological space (def. 8.2), and let 


f:C—-R 


be a continuous function to the real numbers equipped with their Euclidean metric 
topology. 


Then f attains its maximum and its minimum in that there exist xmin,Xmax € C such that 


f (min) s f(x) < f (max) . 


Proof. Since continuous images of compact spaces are compact (prop. 8.11) the image 
f({a,b]) cC R is a compact subspace. 


Suppose this image did not contain its maximum. Then {(-©, X)} -er(fa,py Were an open cover 

of the image, and hence, by its compactness, there would be a finite subcover, hence a finite 
set (x1 < x2 < +++ <<x,) Of points x; € f([a, b]), such that the union of the (—09,x;) and hence the 

single set (—o9,x,) alone would cover the image. This were in contradiction to the assumption 
that x, € f([a,b]) and hence we have a proof by contradiction. 


Similarly for the minimum. & 
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And as a special case: 
Example 8.14. (traditional extreme value theorem) 
Let 
f:[ab] ~-R 


be a continuous function from a bounded closed interval (a < b € R) (def. 1.13) regarded as 
a topological subspace (example 2.17) of real numbers to the real numbers, with the latter 
regarded with their Euclidean metric topology (example 1.6, example 2.10). 


Then f attains its maximum and minimum: there exists x35, Xmin € [a,b] such that for all 
x € [a,b] we have 


f (1a, b]) = [fF min), f%max)] - 


Proof. Since continuous images of compact spaces are compact (prop. 8.11) the image 
f({a, b]) c R is a compact subspace (def. 8.2, example 2.17). By the Heine-Borel theorem 
(prop. 8.27) this is a bounded closed subset (def. 1.3, def. 2.24). By the nature of the 
Euclidean metric topology, the image is hence a union of closed intervals. Finally by 
continuity of f it needs to be a single closed interval, hence (being bounded) of the form 


f (1, b]) = [f@min), f(%max)] © R. 


There is also the following more powerful equivalent reformulation of compactness: 


Proposition 8.15. (closed-projection characterization of compactness) 


Let (X,ty) be a topological space. The following are equivalent: 


1. (X,tx) is a compact topological space according to def. 8.2; 


2. For every topological space (Y,ty) then the projection map out of the product 
topological space (example 2.19, example 6.25) 


my : (Y,Ty) X (%,Tx) > (¥, Ty) 


is a closed map. 
Proof. (due to Todd Trimble) 


In one direction, assume that (X,ty) is compact and let Cc Y x X be a closed subset. We need 
to show that m,(C) c Y is closed. 


By lemma 2.25 this is equivalent to showing that every point y € Y \ zy(C) in the complement 
of my(C) has an open neighbourhood V,, > {y} which does not intersect my(C): 


Vy Nmy(C) =O. 
This is clearly equivalent to 

(Vy xX)NC=O 
and this is what we will show. 


To this end, consider the set 
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V CY open 
voty} 


jc konn =| @xoncno 


Observe that this is an open cover of X: For every x € X then (y,x) € C by assumption of Y, 
and by closure of C this means that there exists an open neighbourhood of (y,x) in Y x X not 
intersecting C, and by nature of the product topology this contains an open neighbourhood of 
the form V x U. 


Hence by compactness of X, there exists a finite subcover {U; ¢ Xie; of X anda 


corresponding set {V; CY},., with V; x U;NC=@. 


je 


The resulting open neighbourhood 


of y has the required property: 


Vxx=Vx{ U u;) 
jes 


1 (V x U;) 


nN 


ei (Vj x Uj) 


enV x ec. 
Now for the converse: 


Assume that my:Y x X > X is a closed map for all Y. We need to show that X is compact. By 
prop. 8.4 this means equivalently that for every set {C; c X},., of closed subsets and 
satisfying the finite intersection property, we need to show that al Cj, #O. 


So consider such a set {C; c X},., of closed subsets satisfying the finite intersection property. 
Construct a new topological space (Y,t,) by setting 


1. Y:= XU {oo}; 


2. By = P(X) U {(C; U {00}) C Y},., a sub-base for ty (def. 2.8). 


ie! 


Then consider the topological closure Cl(A) of the “diagonal” A in Y x X 


A={(x,x)EYxX|xEX}. 
We claim that there exists x € X such that 
(co,x) € CI(A) . 
This is because 
My (Cl(A)) < Y is closed 
by the assumption that zy is a closed map, and 
X c my (CI(A)) 


by construction. So if co were not in m,(Cl(4)), then, by lemma 2.25, it would have an open 
neighbourhood not intersecting X. But by definition of ty, the open neighbourhoods of oo are 


the unions of finite intersections of C; U {00}, and by the assumed finite intersection property 
all their finite intersections do still intersect X. 


Since thus (00,x) € Cl(A), lemma 2.25 gives again that all of its open neighbourhoods intersect 


the diagonal. By the nature of the product topology (example 2.19) this means that for all 
i€J and all open neighbourhoods U,, > {x} we have that 


((C; U {o}) x Ux) NA FO. 
By definition of A this means equivalently that 
C,NU, #0 
for all open neighbourhoods U, > {x}. 


But by closure of C; and using lemma 2.25, this means that 


xe Ci 
for all i, hence that 


nC, #O 
tel 


as required. I 


This closed-projection characterization of compactness from prop. 8.15 is most useful, for 
instance it yields direct proof of the following important facts in topology: 


e The tube Jemma, prop. 8.16 below, 
e The Tychonoff theorem, prop. 8.17 below. 


Lemma 8.16. (tube lemma) 
Let 


1. (X,tx) be a topological space, 


2. (Y,ty) a compact topological space (def. 8.2), 


3.x€Xa point, 
4.W — X x Y an open subset in the product topology (example 2.19, example 8.17), 
such that the Y-fiber over x is contained in W: 
{x}xY CW. 


Then there exists an open neighborhood U, of x such that the “tube” U, x Y around the 
fiber {x} x Y is still contained: 


U,xYow. 
Proof. Let 


C= (XxY)\W 
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be the complement of W. Since this is closed, by prop. 8.15 also its projection p,(C) c X is 
closed. 


Now 
{xs}xYCW & {x} xY nN C=6 
=> {x}Np,(C) = 
and hence by the closure of p,(C) there is (by lemma 2.25) an open neighbourhood U, > {x} 
with 
U,Npy(C) =@. 


This means equivalently that U, x Yn C =@, hence thatU,xYcCW. ff 


Proposition 8.17. (Tychonoff theorem — the product space of compact spaces is 
compact) 


Let {(X;,7;)},., be a set of compact topological spaces (def. 8.2). Then also their product 
space |],_,(Xiti) (example 6.25) is compact. 


We give a proof of the finitary case of the Tychonoff theorem using the closed-projection 
characterization of compactness from prop. 8.15. This elementary proof generalizes fairly 
directly to an elementary proof of the general case: see here. 


Proof of the finitary case. By prop. 8.15 it is sufficient to show that for every topological 
space (Y,t,) then the projection 


my: %m)x( |] an) > Gm) 


ie{4,-,n} 


is a closed map. We proceed by induction. For n = 0 the statement is obvious. Suppose it has 
been proven for some n EN. Then the projection for n+ 1 factors is the composite of two 
consecutive projections 


ny  ¥ x I | x,) =¥x( [| X1) Kner YX | | x,)>Y. 


i€{1,-,.n+1} ie{i,-,n} ie {1-,n} 


By prop. 8.15, the first map here is closed since (X,4+1,T4+1) is compact by the assumption of 
the proposition, and similarly the second is closed by induction assumtion. Hence the 
composite is a closed map. & 


Of course we also want to claim that sequentially compact metric spaces (def. 1.20) are 
compact as topological spaces when regarded with their metric topology (example 2.10): 


Definition 8.18. (converging sequence in a topological space) 


Let (X,r) be a topological space (def. 2.3) and let (x,),,.., be a sequence of points (x,) in x 
(def. 1.16). We say that this sequence converges in (X,t) to a point x,, € X, denoted 


n->0 
Xn? Xoo 


if for each open neighbourhood U,,. of x. there exists a k € N such that for all n > k then 


Xn € Uy! 
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n-— co 
(ct da Zea} a (5 E Uy,, )) 


Xoo CEUX, 
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Accordingly it makes sense to consider the following: 


Definition 8.19. (sequentially compact topological space) 


Let (x,t) be a topological space (def. 2.3). It is called sequentially compact if for every 
sequence of points (x,,) in X (def. 1.16) there exists a sub-sequence (xp, ),,¢, which 
converges acording to def. 8.18. 


Proposition 8.20. (sequentially compact metric spaces are equivalently compact 
metric spaces) 


If (X,d) is a metric space (def. 1.1), regarded as a topological space via its metric topology 
(example 2.10), then the following are equivalent: 


1. (X,d) is a compact topological space (def. 8.2). 


2. (X,d) is a sequentially compact metric space (def. 1.20) hence a sequentially compact 
topological space (def. 8.19). 


Proof. of prop. 1.21 and prop. 8.20 


Assume first that (X,d) is a compact topological space. Let (x;,), , be a sequence in X. We 
need to show that it has a sub-sequence which converges. 


Consider the topological closures of the sub-sequences that omit the first n elements of the 
sequence 


Fy 3= Ci({x, | k = n}) 
and write 
Un = X\ Fn 


for their open complements. 


Assume now that the intersection of all the F, were empty 
(*) A Fx = 0 


or equivalently that the union of all the U, were all of X 


UU, =X, 


nen 


hence that {U;, © X},,., were an open cover. By the assumption that x is compact, this would 
imply that there were a finite subset {i, <i, <+++ <i,} C N with 


X= Uj, UU;, Ue Ue 


= Ui, 


This in turn would mean that F;, = 9, which contradicts the construction of F;,. Hence we 


have a proof by contradiction that assumption (*) is wrong, and hence that there must exist 
an element 


By definition of topological closure this means that for all n the open ball B3(1/(n+1)) around 
x of radius 1/(n+ 1) must intersect the nth of the above subsequences: 


By(1/(n+1)) nN fx, |ken}#O. 


If we choose one point (x’,) in the nth such intersection for all n this defines a sub-sequence, 
which converges to x. 


In summary this proves that compact implies sequentially compact for metric spaces. 


For the converse, assume now that (X,d) is sequentially compact. Let {U; c X},., be an open 
cover of X. We need to show that there exists a finite sub-cover. 


Now by the Lebesgue number lemma, there exists a positive real number 6 > 0 such that for 
each x € X there is i, € 7 such that By(5) c U;,. Moreover, since sequentially compact metric 


spaces are totally bounded, there exists then a finite set § c X such that 


X= UBS). 


Therefore {U;, > X}.., is a finite sub-cover as required. I 


ses 
Remark 8.21. (neither compactness nor sequential compactness implies the other) 


Beware, in contrast to prop. 8.20, general topological spaces being sequentially compact 
neither implies nor is implied by being compact. 


1. The product topological space (example 6.25) I],-€ [0,1 Dise({0, 1}) of copies of the 


discrete topological space (example 2.14) indexed by the elements of the half-open 
interval is compact by the Tychonoff theorem (prop. 8.17), but the sequence x, with 


Ty (X,) = nth digit of the binary expansion of r 
has no convergent subsequence. 


2. conversely, there are spaces that are sequentially compact, but not compact, see for 
instance Vermeeren 10, prop. 18. 


Remark 8.22. (nets fix the shortcomings of sequences) 


That compactness of topological spaces is not detected by convergence of sequences 
(remark 8.21) may be regarded as a shortcoming of the concept of sequence. While a 
sequence is indexed over the natural numbers, the concept of convergence of sequnces 
only invokes that the natural numbers form a directed set. Hence the concept of 
convergence immediately generalizes to sets of points in a space which are indexed over 
an arbitrary directed set. This is called a net. 


And with these the expected statement does become true (for a proof see here): 


A topological space (X,t) is compact precisely if every net in X has a converging subnet. 


In fact convergence of nets also detects closed subsets in topological spaces (hence their 
topology as such), and it detects the continuity of functions between topological spaces. It 
also detects for instance the Hausdorff property. (For detailed statements and proofs see 
here.) Hence when analysis is cast in terms of nets instead of just sequences, then it raises 
to the same level of generality as topology. 
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Compact Hausdorff spaces 114 


We discuss some important relations between the concepts of compact topological spaces 
(def. 8.2) and of Hausdorff topological spaces (def. 4.4). 


Proposition 8.23. (closed subspaces of compact Hausdorff spaces are equivalently 
compact subspaces) 


Let 


1. (X,t) be a compact Hausdorff topological space (def. 4.4, def. 8.2) 


2. Yc X bea topological subspace (example 2.17). 


Then the following are equivalent: 


1. Y cX is a closed subspace (def. 2.24); 


2. Y is a compact topological space (def. 8.2). 


Proof. By lemma 8.24 and lemma 8.26 below. If 


Lemma 8.24. (closed subspaces of compact spaces are compact) 
Let 


1. (X,t) be a compact topological space (def. 8.2), 


2. Y < X be a closed topological subspace (def. 2.24, example 2.17). 


Then also Y is compact. 


Proof. Let {V; < Y} 
sub-cover. 


be an open cover of Y (def. 8.1). We need to show that this has a finite 


iel 


By definition of the subspace topology, there exist open subsets U; c X with 
Vi = U; ‘a Y . 


By the assumption that Y is closed, the complement X \ Y c X is an open subset of X, and 
therefore 
{(X\ Vex uu ox 


iel 


is an open cover of X (def. 8.1). Now by the assumption that X is compact, this latter cover 
has a finite subcover, hence there exists a finite subset J c J such that 


Mi Ye mugex 


ieJcl 


is still an open cover of X, hence in particular restricts to a finite open cover of Y. But since 
YN(X\Y)=4@, it follows that 
Vic Y} 


ieJcl 


is a cover of Y, and in indeed a finite subcover of the original one. If 


Lemma 8.25. (compact subspaces in Hausdorff spaces are separated by 
neighbourhoods from points) 


Let 


1. (X,t) be a Hausdorff topological space (def. 4.4); 


2. Y CX a compact subspace (def. 8.2, example 2.17). 


Then for every x € X \Y there exists 


1. an open neighbourhood U,, > {x}; 


2. an open neighbourhood Uy > Y 
such that 
e they are still disjoint: U,.nUy =@. 


Proof. By the assumption that (x,t) is Hausdorff, we find for every point y € Y disjoint open 
neighbourhoods U,,, > {x} and U, > {y}. By the nature of the subspace topology of Y, the 
restriction of all the U, to Y is an open cover of Y: 


{Uy NY) ¢ Ye ; 


Now by the assumption that Y is compact, there exists a finite subcover, hence a finite set 
Sc Y such that 


{Uymyye Y} 


yEScY 
is still a cover. 


But the finite intersection 


U, = On U 
# sescy 


of the corresponding open neighbourhoods of «x is still open, and by construction it is disjoint 
from all the U,, hence also from their union 


Uy = U U,. 


SESCY 
Therefore U, and Uy are two open subsets as required. I 
Lemma 8.25 immediately implies the following: 


Lemma 8.26. (compact subspaces of Hausdorff spaces are closed) 
Let 


1. (X,t) be a Hausdorff topological space (def. 4.4) 


2. Cc xX bea compact (def. 8.2) topological subspace (example 2.17). 


Then C c X is also a closed subspace (def. 2.24). 


Proof. Let x € X \ C be any point of X not contained in C. By lemma 2.25 we need to show 
that there exists an open neighbourhood of x in X which does not intersect C. This is implied 
by lemma 8.25. ff 


115 


Proposition 8.27. (Heine-Borel theorem) 


Forn€N, consider R" as the n-dimensional Euclidean space via example 1.6, regarded as a 
topological space via its metric topology (example 2.10). 


Then for a topological subspace S c R” the following are equivalent: 


1. S is compact (def. 8.2); 


2. S is closed (def. 2.24) and bounded (def. 1.3). 


Proof. First consider a subset S c R” which is closed and bounded. We need to show that 
regarded as a topological subspace it is compact. 


The assumption that S is bounded by (hence contained in) some open ball By(e) in R” implies 
that it is contained in {Djn4 € R"| —e <x; < ¢}. By example 3.30, this topological subspace 
is homeomorphic to the n-cube 


[-cel"= [|| [-eel, 
ie(1,--,n} 


hence to the product topological space (example 6.25) of n copies of the closed interval with 
itself. 


Since the closed interval [—e,¢] is compact by example 8.6, the Tychonoff theorem (prop. 
8.17) implies that this n-cube is compact. 


Since subsets are closed in a closed subspace precisely if they are closed in the ambient 
space (lemma 2.31) the closed subset S c R” is also closed as a subset S c [-e,€]". Since 
closed subspaces of compact spaces are compact (lemma 8.24) this implies that S is 
compact. 


Conversely, assume that S c R” is a compact subspace. We need to show that it is closed and 
bounded. 


The first statement follows since the Euclidean space R” is Hausdorff (example 4.8) and since 
compact subspaces of Hausdorff spaces are closed (prop. 8.26). 


Hence what remains is to show that S is bounded. 


To that end, choose any positive real number e € R,,) and consider the open cover of all of R” 
by the open n-cubes 


(=—€ 4145) 8 e—eb 4145 Xe e414 


for n-tuples of integers (k,,k2,---,k,) € Z". The restrictions of these to S hence form an open 
cover of the subspace S. By the assumption that S is compact, there is then a finite subset of 
n-tuples of integers such that the corresponding n-cubes still cover S. But the union of any 
finite number of bounded closed n-cubes in R” is clearly a bounded subset, and hence so is 
S. Of 


For the record, we list some examples of compact Hausdorff spaces that are immediately 
identified by the Heine-Borel theorem (prop. 8.27): 


Example 8.28. (examples of compact Hausdorff spaces) 
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We list some basic examples of compact Hausdorff spaces (def. 4.4, def. 8.2) 


1. Forné€N, the n-sphere S” may canonically be regarded as a topological subspace of 
Euclidean space R"** (example 2.21). 


These are clearly closed and bounded subspaces of Euclidean space, hence they are 
compact topological space, by the Heine-Borel theorem, prop. 8.27. 


Proposition 8.29. (maps from compact spaces to Hausdorff spaces are closed and 
proper) 


Let f :(X,tx) — (Y, ty) be a continuous function between topological spaces such that 


1. (X,Tx) is a compact topological space (def. 8.2); 


2. (Y,ty) is a Hausdorff topological space (def. 4.4). 


Then f is 


1. a closed map (def. 3.14); 


2. a proper map (def. 8.12). 


Proof. For the first statement, we need to show that if C c X is a closed subset of X, then 
also f(C) cY is a closed subset of Y. 


Now 


1. since closed subspaces of compact spaces are compact (lemma 8.24) it follows that 
Cc X is also compact; 


2. since continuous images of compact spaces are compact (cor. 8.11) it then follows that 


f(C) <Y is compact; 


3. since compact subspaces of Hausdorff spaces are closed (prop. 8.26) it finally follow 
that f(C) is also closed in Y. 


For the second statement we need to show that if C c Y is a compact subset, then also its 
pre-image f *(C) is compact. 


Now 


1. since compact subspaces of Hausdorff spaces are closed (prop. 8.26) it follows that 
C cY is closed; 


2. since pre-images under continuous functions of closed subsets are closed (prop. 3.2), 
also f *(C) c X is closed; 


3. since closed subspaces of compact spaces are compact (lemma 8.24), it follows that 
f*(©) is compact. 


As an immdiate corollary we record this useful statement: 


Proposition 8.30. (continuous bijections from compact spaces to Hausdorff spaces 
are homeomorphisms) 
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Let f :(X,tx) — (Y, ty) be a continuous function between topological spaces such that 


1. (X,Ty) is a compact topological space (def. 8.2); 


2. (Y,ty) is a Hausdorff topological space (def. 4.4). 


3. f :X —Y is a bijection of sets. 


Then f is a homeomorphism (def. 3.22) 


In particular then both (X,ty) and (Y,ty) are compact Hausdorff spaces. 


Proof. By prop. 3.26 it is sufficient to show that f is a closed map. This is the case by prop. 
8.29. 


Proposition 8.31. (compact Hausdorff spaces are normal) 


Every compact Hausdorff topological space (def. 8.2, def. 4.4) is a normal topological space 
(def. 4.13). 


Proof. First we claim that (X,r) is regular. To show this, we need to find for each point x € X 
and each closed subset Y € X not containing x disjoint open neighbourhoods U,,. > {x} and 

Uy 2 Y. But since closed subspaces of compact spaces are compact (lemma 8.24), the subset 
Y is in fact compact, and hence this is the statement of lemma 8.25. 


Next to show that (X,t) is indeed normal, we apply the idea of the proof of lemma 8.25 once 
more: 


Let Y,,Y, < X be two disjoint closed subspaces. By the previous statement then for every 
point y, € Y we find disjoint open neighbourhoods Uy > {y,} and Uy, y, > Y2. The union of the 


Uy, is a cover of Y,, and by compactness of Y, there is a finite subset S c Y such that 


Uy — 


1 eeeey, me 
is an open neighbourhood of Y, and 
Uy, = ‘a Uy,,s 


SESCY 


is an open neighbourhood of Y,, and both are disjoint. 


We discuss some important relations between the concept of compact topological spaces and 
that of quotient topological spaces. 


Proposition 8.32. (continuous surjections from compact spaces to Hausdorff spaces 
are quotient projections) 


Let 
m : (X,Tx) — (¥, Ty) 


be a continuous function between topological spaces such that 


1. (X,Ty) is a compact topological space (def. 8.2); 
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2. (Y,ty) is a Hausdorff topological space (def. 4.4); 


3.1m: X—Y is a surjective function. 


Then ty is the quotient topology inherited from ty via the surjection f (def. 2.18). 


Proof. \We need to show that a subset U cY is an open subset of (Y,t,) precisely if its pre- 
image 2~1(U) c X is an open subset in (X,ty). Equivalenty, as in prop. 3.2, we need to show 
that U is a closed subset precisely if 7~1(U) is a closed subset. The implication 


(U closed) > (f *(U) closed) 
follows via prop. 3.2 from the continuity of z. The implication 
(f *(U) closed) = (U closed) 


follows since z is a closed map by prop. 8.29. 


The following proposition allows to recognize when a quotient space of a compact Hausdorff 
space is itself still Hausdorff. 


Proposition 8.33. (quotient projections out of compact Hausdorff spaces are closed 
precisely if the codomain is Hausdorff) 


Let 
m : (X,Txy) — (Y,Ty) 


be a continuous function between topological spaces such that 


1. (X,t) is a compact Hausdorff topological space (def. 8.2, def. 4.4); 


2. 1 is a surjection and ty is the corresponding quotient topology (def. 2.18). 
Then the following are equivalent 


1. (Y,ty) is itself a Hausdorff topological space (def. 4.4); 


2. 1 is a Closed map (def. 3.14). 


Proof. The implicaton ((Y, ty) Hausdorff) > (closed) is given by prop. 8.29. We need to show 
the converse. 


Hence assume that z is a closed map. We need to show that for every pair of distinct points 
y, # y, €Y there exist open neighbourhoods U, ,Uy, € ty which are disjoint, Uy NUy, =. 


First notice that the singleton subsets {x}, {y} € Y are closed. This is because they are images 
of singleton subsets in xX, by surjectivity of f, and because singletons in a Hausdorff space 
are closed by prop, 4.5 and prop. 4.11, and because images under f of closed subsets are 
closed, by the assumption that f is a closed map. 


It follows that the pre-images 
C, =n fy) C,=a ty). 


are closed subsets of X. 


Now again since compact Hausdorff spaces are normal (prop. 8.31) it follows (by def. 4.13) 
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that we may find disjoint open subset U,,U2 € ty such that 


C, CU, Cz CU2. 120 


Moreover, by lemma 3.21 we may find these U; such that they are both saturated subsets 
(def. 3.17). Therefore finally lemma 3.20 says that the images z(U;) are open in (Y,ty). These 
are now Clearly disjoint open neighbourhoods of y, and y,. & 


Example 8.34. Consider the function 


*———_# 
[0,22]/~ — Ser ~~ 
t + (cos(t), sin(t)) Ne iy 
e from the quotient topological space (def. 2.18) ( py 
of the closed interval (def. 1.13) by the } 
equivalence relation which identifies the two Ne ait 
endpoints XA 


(x~y) = ((«=y)or((x € {0, 27}) and (y € {0, 27}))) 


e to the unit circle S* = S,(1) c R? (def. 1.2) regarded as a topological subspace of the 


2-dimensional Euclidean space (example 1.6) equipped with its metric topology 
(example 2.10). 


This is clearly a continuous function and a bijection on the underlying sets. Moreover, since 
continuous images of compact spaces are compact (cor. 8.11) and since the closed interval 
[0,1] is compact (example 8.6) we also obtain another proof that the circle is compact. 


Hence by prop. 8.30 the above map is in fact a homeomorphism 


[0,2a]/~ =~ Ss’. 


Compare this to the counter-example 3.25, which observed that the analogous function 


[0,27) — eae 
t ~ (cos(t), sin(t)) 
is not a homeomorphism, even though this, too, is a bijection on the the underlying sets. 


But the half-open interval [0,27) is not compact (for instance by the Heine-Borel theorem, 
prop. 8.27), and hence prop. 8.30 does not apply. 


Locally compact spaces 


A topological space is locally compact if each point has a compact neighbourhood. Or rather, 
this is the case in locally compact Hausdorff spaces. Without the Hausdorff condition one 
asks that these compact neighbourhoods exist in a certain controlled way (def. 8.35 below). 


It turns out (prop. 8.56 below) that locally compact Hausdorff spaces are precisely the open 
subspaces of the compact Hausdorff spaces discussed above. 


A key application of local compactness ist that the mapping spaces (topological spaces of 
continuous functions, def. 8.44 below) out of a locally compact space behave as expected 
from mapping spaces. (prop. 8.45 below). This gives rise for instance the loop spaces and 
path spaces (example 8.48 below) which become of paramount importance in the discussion 
of homotopy theory. 


For the purposes of point-set topology local compactness is useful as a criterion for 
identifying paracompactness (prop. 9.12 below). 


Definition 8.35. (locally compact topological space) 


A topological space X is called locally compact if for every point x € X and every open 
neighbourhood U,, > {x} there exists a smaller open neighbourhood V, ¢ U, whose 
topological closure is compact (def. 8.2) and still contained in U: 


{x} CV, C C1(Vy) C Uy . 


compact 
Remark 8.36. (varying terminology regarding “locally compact”) 


On top of the terminology issue inherited from that of “compact”, remark 8.3 (regarding 
whether or not to require “Hausdorff” with “compact”; we do not), the definition of “locally 
compact” is subject to further ambiguity in the literature. There are various definitions of 
locally compact spaces alternative to def. 8.35, we consider one such alternative definition 
below in def. 8.42. 


For Hausdorff topological spaces all these definitions happen to be equivalent (prop. 8.43 
below), but in general they are not. 


Example 8.37. (discrete spaces are locally compact) 


Every discrete topological space (example 2.14) is locally compact (def. 8.35). 


Example 8.38. (Euclidean space is locally compact) 


For n € N then Euclidean space R” (example 1.6) regarded as a topological space via its 
metric topology (def. 2.10), is locally compact (def. 8.35). 


Proof. Let x € X be a point and U,. > {x} an open neighbourhood. By definition of the metric 
topology (example 2.10) this means that U, contains an open ball B3(e) (def. 1.2) around x of 
some radius e. This ball also contains the open ball V, == B,(e€/2) and its topological closure, 
which is the closed ball B,(€/2). This closed ball is compact, for instance by the Heine-Borel 
theorem (prop. 8.27). I 


Example 8.39. (open subspaces of compact Hausdorff spaces are locally compact) 


Every open topological subspace X i K of a compact (def. 8.2) Hausdorff space (def. 4.4) 
is a locally compact topological space (def. 8.35). 


In particular compact Hausdorff spaces themselves are locally compact. 


Proof. Let X be a topological space such that it arises as a topological subspace X c K of a 
compact Hausdorff space. We need to show that X is a locally compact topological space (def. 
8.35). 


Let x € X be a point and let U, c X an open neighbourhood. We need to produce a smaller 
open neighbourhood whose closure is compact and still contained in U,,.. 


By the nature of the subspace topology there exists an open subset V,,.c K such that 

U, =XNV,. Since X c K is assumed to be open, it follows that U, is also open as a subset of 
K. Since compact Hausdorff spaces are normal (prop. 8.31) it follows by prop. 4.18 that 
there exists a smaller open neighbourhood W, c K whose topological closure is still contained 
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in U,, and since closed subspaces of compact spaces are compact (prop. 8.24), this 
topological closure is compact: 


122 
{x} CW, ¢ C1(W,) CV, CK. 
cpt 


The intersection of this situation with X is the required smaller compact neighbourhood 
Cl(Wy) NX: 


{x} CW, NX CCIW,)NX CU, CX. 
cpt 


Example 8.40. (finite product space of locally compact spaces is locally compact) 


The product topological space (example 6.25) Hye, Xt) of a a finite set {(X;,t;)},_, Of 
locally compact topological spaces (X;,7;) (def. 8.35) it itself locally compact. 


Nonexanpple 8.41. (countably infinite products of non-compact spaces are not 
locally compact) 


Let X be a topological space which is not compact (def. 8.2). Then the product topological 
space (example 6.25) of a countably infinite set of copies of X 


| |x 


neN 


is not a locally compact space (def. 8.35). 


Proof. Since the continuous image of a compact space is compact (prop. 8.11), and since 
the projection maps p, : []yX — X are continuous (by nature of the initial topology/Tychonoff 


topology), it follows that every compact subspace of the product space is contained in one of 
the form 


| |« 
ieN 


for K; c X compact. 


But by the nature of the Tychonoff topology, a base for the topology on J], x is given by 


subsets of the form 
u)x( |] ») 


ie {1,--,n} JENsn 


with U; c X open. Hence every compact neighbourhood in |], X contains a subset of this kind, 
but if X itself is non-compact, then none of these is contained in a product of compact 
subsets. ff 


In the discussion of locally Euclidean spaces (def. 11.1 below), as well as in other contexts, a 
definition of local compactness that in the absence of Hausdorffness is slightly weaker than 
def. 8.35 (recall remark 8.36) is useful: 


Definition 8.42. (local compactness via compact neighbourhood base) 


A topological space is /ocally compact if for for every point x € X every open neighbourhood 
U, > {x} contains a compact neighbourhood K, c U,. 


Proposition 8.43. (equivalence of definitions of local compactness for Hausdorff 
spaces) 


If X is a Hausdorff topological space, then the two definitions of local compactness of X 


1. definition 8.42 (every open neighbourhood contains a compact neighbourhood), 


2. definition 8.35 (every open neighbourhood contains a compact neighbourhood that is 
the topological closure of an open neighbourhood) 


are equivalent. 


Proof. Generally, definition 8.35 directly implies definition 8.42. We need to show that 
Hausdorffness implies the converse. 


Hence assume that for every point x € X then every open neighbourhood U,. > {x} contains a 
compact neighbourhood. We need to show that it then also contains the closure Cl(V,) of a 
smaller open neighbourhood and such that this closure is compact. 


So let K, C U, be a compact neighbourhood. Being a neighbourhood, it has a non-trivial 
interior which is an open neighbouhood 


{x} c Int(K,) CK, CU, CX. 


Since compact subspaces of Hausdorff spaces are closed (lemma 8.26), it follows that K, c X 
is a closed subset. This implies that the topological closure of its interior as a subset of X is 
still contained in K, (since the topological closure is the smallest closed subset containing the 
given subset, by def. 2.24): Cl(int(K,.)) c K,. Since subsets are closed in a closed subspace 
precisely if they are closed in the ambient space (lemma 2.31), Cl(Int(K,)) is also closed as a 
subset of the compact subspace K,. Now since closed subspaces of compact spaces are 
compact (lemma 8.24), it follows that this closure is also compact as a subspace of K,, and 
since continuous images of compact spaces are compact (prop. 8.11), it finally follows that it 
is also compact as a subspace of Xx: 


{x} c Int(K,) € Cl(Int(K,)) CK, CU, CX. 


compact 


A key application of locally compact spaces is that the space of maps out of them into any 
given topological space (example 8.44 below) satisfies the expected universal property of a 
mapping space (prop. 8.45 below). 


Example 8.44. (topological mapping space with compact-open topology) 


For 


1. (X,ty) a locally compact topological space (in the sense of def. 8.35 or just in the 
sense of def. 8.42) 


2. (Y,ty) any topological space 


then the mapping space 


Maps((X, Tx), UY, Ty)) = (Homrop (x, ¥)s Tio) 


is the topological space 
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e whose underlying set Hom7.,(X,Y) is the set of continuous functions X > Y; 


e whose topology typt-op is generated from the sub-basis for the topology (def. 2.8) 
which is given by subsets to denoted 


UX c Homyop(X, Y) for labels 
o K CY a compact subset, 


o UC X an open subset 


and defined to be those subsets of all those continuous functions f that take K to U: 


K continuous 
Ue ss {fx Sy | fx) cu}. 


Accordingly this topology T.-op is called the compact-open topology on the set of functions. 


Proposition 8.45. (universal property of the mapping space) 


Let (X,ty), (Y,ty), (Z,Tz) be topological spaces, with X locally compact (def. 8.35 or just def. 
8.42). Then 


1. The evaluation function 
(Xt) X Maps((X, ty), (¥,ty)) ——> (¥,ty) 
(x, f) > f(x) 


is a continuous function. 


2. The natural bijection of function sets 


{Xx¥Y—>Y}  —> {Z—>Home,(X,Y)} 
Homset (X XZ,Y) Homset(Z,Homget (X,Y)) 


(f:@z)PfGz)) > fize (ee fz) 


restricts to a natural bijection between sets of continuous functions 


{(X,tx) x (Ztz) 3 Wty} > {Ztz) S Maps((X tx), Y.ty)} 


a pe 
Hom7op ((%,Tx) x (Z,TZ),(¥,Ty)) Homrop ((Z,tz),Maps((X,tx),(Y,ty))) 


Here Maps((X, Ty), (Y, ty)) is the mapping space with compact-open topology from example 
8.44 and (—) x (—) denotes forming the product topological space (example 2.19, example 


6.25). 


Proof. To see the continuity of the evaluation map: 


Let V cY be an open subset. It is sufficient to show that ev 1(V) = {(x, f)| f(x) € V} is a union 
of products of the form U x V“ with U c X open and V* c Homge,(K, W) a basic open according 
to def. 8.44. 


For (x, f) € ev1(V), the preimage f *(V) c X is an open neighbourhood of x in X, by continuity 
of f. 


By local compactness of X, there is a compact subset K c f *(V) which is still a 
neighbourhood of x, hence contains an open neighbourhood U c K. Since f also still takes 
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that into V, we have found an open neighbourhood 
(x, f) eUxv* Sn ev 1(V) 


with respect to the product topology. Since this is still contained in ev~1(V), for all (x, f) as 
above, ev 1(V) is exhibited as a union of opens, and is hence itself open. 


Regarding the second point: 


In one direction, let f:(X,ty) x (Y, ty) > (Ztz) be a continuous function, and let U“ c Maps(X, Y) 
be a sub-basic open. We need to show that the set 


FW) =(eZ|f(K acu, cz 

is open. To that end, observe that f(K,z) c U means that K x {z} c f *(U), where 

f*(U) © XxY is open by the continuity of f. Hence in the topological subspace Kx ZC XxY 
the inclusion 


Kx {z}c(f (W)n(KxZ)) 


is an open neighbourhood. Since K is compact, the tube lemma (prop. 8.16) gives an open 
neighbourhood V, > {z} in Y, hence an open neighbourhood K x V, c K x Y, which is still 
contained in the original pre-image: 


KxV, ¢ f “((U)N(KxZ) ¢ f-*(U). 


This shows that with every point z € f (uy also an open neighbourhood of z is contained in 
roo, hence that the latter is a union of open subsets, and hence itself open. 


In the other direction, assume that f:Z > Maps((X,Ty), (Y, Ty)) is continuous: We need to show 
that f is continuous. But observe that f is the composite 
id(X,ty) xf ev 
f = (% Tx) X (Z,Tz) ———> (XK, Tx) X Maps((X, Tx), (VY, Ty) — (X) Tx) 
Here the first function id x f is continuous since f is by assumption since the product of two 


continuous functions is again continuous (example 3.4). The second function ev is continuous 
by the first point above. hence f is continuous. ff 


Remark 8.46. (topological mapping space is exponential object) 


In the language of category theory (remark 3.3), prop. 8.45 says that the mapping space 
construction with its compact-open topology from def. 8.44 is an exponential object or 
internal hom. This just means that it beahves in all abstract ways just as a function set 
does for plain functions, but it does so for continuous functions and being itself equipped 
with a topology. 


Moreover, the construction of topological mapping spaces in example 8.44 extends to a 
functor (remark 3.3) 


eo : Topyept x Top — Top 


from the product category of the category Top of all topological spaces (remark 3.3) with 
the opposite category of the subcategory of locally compact topological spaces. 


Example 8.47. (topological mapping space construction out of the point space is 
the identity) 
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The point space * (example 2.11) is clearly a locally compact topological space. Hence for 
every topological space (X,t) the mapping space Maps(*,(X,t)) (exmaple 8.44) exists. This 
is homeomorphic (def. 3.22) to the space (x,t) itself: 


Maps(*, (X,T)) = (X,T) . 


Example 8.48. (loop space and path space) 


Let (x,t) be any topological space. 


1. The circle St (example 2.21) is a compact Hausdorff space (example 8.28) hence, by 
prop. 8.39, a locally compact topological space (def. 8.35). Accordingly the mapping 
space 


LX := Maps(S", (X,T)) 


exists (def. 8.44). This is called the free loop space of (X,7). 


If both $1 and X are equipped with a choice of point (“basepoint”) sy € S*, x) € X, then 
the topological subspace 


OX Cc LX 


on those functions which take the basepoint of 5? to that of X, is called the Joop space 
of X, or sometimes based loop space, for emphasis. 


2. Similarly the closed interval is a compact Hausdorff space (example 8.28) hence, by 
prop. 8.39, a locally compact topological space (def. 8.35). Accordingly the mapping 
space 


Maps([0, 1], (x, 7)) 


exists (def. 8.44). Again if X is equipped with a choice of basepoint x, € X, then the 
topological subspace of those functions that take 0 € [0,1] to that chosen basepoint is 
called the path space of (Xt): 


PX Cc Maps([0, 1], (X,T)) . 


Notice that we may encode these subspaces more abstractly in terms of universal 
properties: 


The path space and the loop space are characterized, up to homeomorphisms, as being the 
limiting cones in the following pullback diagrams of topological spaces (example 6.15): 


1. loop space: 
2X —> — Maps(S*, (X,7)) 
L (pb) as a a 
= X = Maps(*, (X,T)) 
2. path space: 


PX — Maps([0, 1], (X,T)) 
l (pb) g Papsteonst le) 


X = Maps(*, (X,T)) 


—— 
consty, 
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Here on the right we are using that the mapping space construction is a functor as shown 
in remark 8.46, and we are using example 8.47 in the identification on the bottom right 
mapping space out of the point space. 


Above we have seen that open subspace of compact Hausdorff spaces are locally compact 
Hausdorff spaces. Now we prepare to show the converse, namely that every locally compact 
Hausdorff spaces arises as an open subspace of a compact Hausdorff space. That compact 
Hausdorff space is its “one-point compactification”: 


Definition 8.49. (one-point compactification) 


Let X be any topological space. Its one-point compactification X* is the topological space 


e whose underlying set is the disjoint union X U {00} 
e and whose open sets are 
1. the open subsets of X (thought of as subsets of X*); 


2. the complements X*\CK = (X\CK) U {oo} of the closed compact subsets CK c X. 


Remark 8.50. If X is Hausdorff, then it is sufficient to speak of compact subsets in def. 8.49, 
since compact subspaces of Hausdorff spaces are closed. 


Lemma 8.51. (one-point compactification is well-defined) 


The topology on the one-point compactification in def. 8.49 is indeed well defined in that 
the given set of subsets is indeed closed under arbitrary unions and finite intersections. 


Proof. The unions and finite intersections of the open subsets inherited from X are closed 
among themselves by the assumption that X is a topological space. 


It is hence sufficient to see that 
1. the unions and finite intersection of the (X\CK) U {co} are closed among themselves, 


2. the union and intersection of a subset of the form U —. X c X* with one of the form 
(X\CK) U {00} is again of one of the two kinds. 


Regarding the first statement: Under de Morgan duality 


at inex con = (( 4 ck, (2) 


finite finite 


and 
Y AC. U {}) = X\((_0, CK) U {0}) 


and so the first statement follows from the fact that finite unions of compact subspaces and 
arbitrary intersections of closed compact subspaces are themselves again compact (example 
8.8). 


Regarding the second statement: That U c X is open means that there exists a closed subset 
C c X with U = X\C. Now using de Morgan duality we find 


1. for intersections: 
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UN ((X\CK) U {o0}) = (X\C) 0 (X\CK) 


= X\(C UCK) es 


Since finite unions of closed subsets are closed, this is again an open subset of X; 
2. for unions: 
U U (X\CK) U {co} = (X\C) U (X\CU) U {00} 
= (X\(C N CK)) U {00} 


For this to be open in X* we need that Cn CK is again compact. This follows because 
subsets are closed in a closed subspace precisely if they are closed in the ambient space 
and because closed subsets of compact spaces are compact. 


Example 8.52. (one-point compactification of Euclidean space is the n-sphere ) 


For n € N the n-sphere with its standard topology (e.g. as a subspace of the Euclidean 
space R"** with its metric topology) is homeomorphic to the one-point compactification 
(def. 8.49) of the [[Euclidean space] R” 


Ss" = (R")*. 


Proof. Pick a point o € S". By stereographic projection we have a homeomorphism 


S"\ {co} = R”. 


With this it only remains to see that for U,, > {00} an open neighbourhood of oo in S” then the 
complement S”\ U,.. is compact closed, and cnversely that the complement of every compact 
closed subset of 5” \ {00} is an open neighbourhood of {00}. 


Observe that under stereographic projection (example 3.33) the open subspaces 
U,. \ {0} cS" \ {oo} are identified precisely with the closed and bounded subsets of R”. 


(Closure is immediate, boundedness follows because an open neighbourhood of {co} € s” 
needs to contain an open ball around 0 € R” = S$” \ {—c} in the other stereographic projection, 
which under change of chart gives a bounded subset. ) 


By the Heine-Borel theorem (prop. 8.27) the closed and bounded subsets of R” are precisely 
the compact, and hence the compact closed, subsets of R= S"\ {oo}. I 


The following are the basic properties of the one-point compactification X* in def. 8.49: 


Proposition 8.53. (one-point compactification is compact) 


For X any topological space, then its one-point compactification xX* (def. 8.49) is a compact 
topological space. 


Proof. Let {U; < X"},_, be an open cover. We need to show that this has a finite subcover. 


That we have a cover means that 


1. there must exist i, € J such that U;,. > {0} is an open neighbourhood of the extra point. 
But since, by construction, the only open subsets containing that point are of the form 
(X\CK) U {00}, it follows that there is a compact closed subset CK c X with X\CK C Vie. 


2. {U; © X},.; is in particular an open cover of that closed compact subset CK c X. This being 


compact means that there is a finite subset J c ] so that {U; c x} 
CK. 


iepcx IS still a cover of 
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Together this implies that 


{Uj c Miejer U (Ui. } 
is a finite subcover of the original cover. i 


Proposition 8.54. (one-point compactification of locally compact space is Hausdorff 
precisely if original space is) 


Let X be a locally compact topological space. Then its one-point compactification X* (def. 
8.49) is a Hausdorff topological space precisely if X is. 


Proof. It is clear that if X is not Hausdorff then x” is not. 
For the converse, assume that X is Hausdorff. 


Since X* = X U {oo} as underlying sets, we only need to check that for x € X any point, then 
there is an open neighbourhood U, c X c X* and an open neighbourhood V,, c X* of the extra 
point which are disjoint. 


That X is locally compact implies by definition that there exists an open neighbourhood 
U, > {x} whose topological closure CK := Cl(U,,) is a closed compact neighbourhood CK > {x}. 
Hence 


Veo = (X\CK) U {00} c X* 
is an open neighbourhood of {co} and the two are disjoint 
U,AVo =O 
by construction. 
Proposition 8.55. (inclusion into one-point compactification is open embedding) 


Let X be a topological space. Then the evident inclusion function 


i:X—xX* 


into its one-point compactification (def. 8.49) is 


1. a continuous function 


2. an open map 


3. an embedding of topological spaces. 


Proof. Regarding the first point: For U c X open and CK c X closed and compact, the pre- 
images of the corresponding open subsets in X* are 


i-4(U) =U i~*((X\CK) U 00) = X\CK 
which are open in X. 


Regarding the second point: The image of an open subset U c X is i(U) = U c X", which is 
open by definition 


Regarding the third point: We need to show that i:X > i(X) c X* is a homeomorphism. This is 
immediate from the definition of X*. I 


As a corollary we finally obtain: 


Proposition 8.56. (locally compact Hausdorff spaces are the open subspaces of 
compact Hausdorff spaces) 


The locally compact Hausdorff spaces are, up to homeomorphism precisely the ope 
subspaces of compact Hausdorff spaces. 


Proof. That every open subspace of a compact Hausdorff space is locally compact Hausdorff 
was the statement of example 8.39. It remains to see that every locally compact Hausdorff 
space arises this way. 


But if X is locally compact Hausdorff, then its one-point compactification X* is compact 
Hausdorff by prop. 8.53 and prop. 8.54. Moreover the canonical embedding X © X* exhibts X 
as an open subspace of X* by prop. 8.55. I 


We close with two observations on proper maps into locally compact spaces, which will be 
useful in the discussion of embeddings of smooth manifolds below. 


Proposition 8.57. (proper maps to locally compact spaces are closed) 
Let 


1. (X,ty) be a topological space, 


2. (Y,ty) a locally compact Hausdorff space (def. 4.4, def. 8.35), 


3. f:X > Y a proper map (def. 8.12). 


Then f is a closed map (def. 3.14). 


Proof. Let C < X be a closed subset. We need to show that f(C) c Y is closed. By lemma 2.2 
this means we need to show that every y € Y \ f(C) has an open neighbourhood U, > {y} not 
intersecting f(C).. 


By local compactness of (Y,ty) (def. 8.35), y has an open neighbourhood V, whose 
topological closure Cl(V,) is compact. Hence since f is proper, also f-*(clv,)) c X is compact. 
Then also the intersection Cn f *(clWy)) is compact, and since continuous images of compact 
spaces are compact (prop. 8.11) so is 


flenf (cyv,))) =f nly) ey. 


This is also a closed subset, since compact subspaces of Hausdorff spaces are closed (lemma 
8.26). Therefore 


Uy = Vy \ FC) N (Cl(Vy))) = Vy \ FCC) 
is an open neighbourhod of y not intersecting f(C). Bf 


Proposition 8.58. (injective proper maps to locally compact spaces are equivalently 
the closed embeddings) 


Let 
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1. (X,tx) be a topological space 


2. (Y,ty) a locally compact Hausdorff space (def. 4.4, def. 8.35), 131 


3. f:X ~ Y be a continuous function. 


Then the following are equivalent 


1. f is an injective proper map, 


2. f is a closed embedding of topological spaces (def. 7.33). 


Proof. In one direction, if f is an injective proper map, then since proper maps to locally 
compact spaces are closed, it follows that f is also closed map. The claim then follows since 
closed injections are embeddings (prop. 7.34), and since the image of a closed map is 
closed. 


Conversely, if f is a closed embedding, we only need to show that the embedding map is 
proper. So for C c Y a compact subspace, we need to show that the pre-image f *(C) c X is 
also compact. But since f is an injection (being an embedding), that pre-image is just the 
intersection f *(C) ~ Cn f(X). By the nature of the subspace topology, this is compact if C 
is. I 


9. Paracompact spaces 


The concept of compactness in topology (above) has several evident weakenings of interest. 
One is that of paracompactness (def. 9.3 below). The concept of paracompact topological 
spaces leads over from plain topology to actual geometry. In particular the topological 
manifolds discussed below are paracompact topological spaces. 


A key property is that paracompact Hausdorff spaces are equivalently those (prop. 9.35 
below) all whose open covers admit a subordinate partition of unity (def. 9.32 below), 
namely a set of real-valued continuous functions each of which is supported in only one 
patch of the cover, but whose sum is the unit function. Existence of such partitions implies 
that structures on topological spaces which are glued together via linear maps (such as 
vector bundles) are well behaved. 


Finally in algebraic topology paracompact spaces are important as for them abelian sheaf 
cohomology may be computed in terms of Cech cohomology. 


Definition 9.1. (locally finite cover) 


Let (X,t) be a topological space. 


An open cover {U; ¢ X},_, (def. 8.1) of X is called locally finite if for all points x € X, there 
exists a neighbourhood U, > {x} such that it intersects only finitely many elements of the 
cover, hence such that U,nU; # @ for only a finite number of i€ J. 


Definition 9.2. (refinement of open covers) 


Let (X,r) be a topological space, and let {U; c X},_, be a open cover (def. 8.1). 


Then a refinement of this open cover is a set of open subsets {V; ¢ Xie which is still an 


open cover in itself and such that for each j € J there exists an ie / with V; c Uj. 


Definition 9.3. (paracompact topological space) 132 


A topological space (X,t) is called paracompact if every open cover of X has a refinement 
(def. 9.2) by a locally finite open cover (def. 9.1). 


Here are two basic classes of examples of paracompact spaces, below in Examples we 
consider more sophisticated ones: 


Example 9.4. (compact topological spaces are paracompact) 


Every compact topological space (def. 8.2) is paracompact (def. 9.3). 


Since a finite subcover is in particular a locally finite refinement. 


Example 9.5. (disjoint unions of paracompact spaces are paracompact) 


Let {(X;,1,)},., be a set of paracompact topological spaces (def. 9.3). Then also their disjoint 
union space (example 2.16) 


2, Xe ti) 
is paracompact. 


In particular, by example 9.4 a non-finite disjoint union of compact topological spaces is, 
while no longer compact, still paracompact. 


Proof. Let U = {U; ¢ ue (X,,T;)},., be an open cover. We need to produce a locally finite 
L 


jéej 
refinement. 


Since each xX; is open in the disjoint union, the intersections U;n X; are all open, and hence 
by forming all these intersections we obtain a refinement of the original cover by a disjoint 
union of open covers U; of (X;,7;) for all ie 7. By the assumption that each (X,,7;) is 

paracompact, each U; has a locally finite refinement V;. Accordingly the disjoint union B V; 


is a locally finite refinement of U. If 


In identifying paracompact Hausdorff spaces using the recognition principles that we 
establish below it is often useful (as witnessed for instance by prop. 9.12 and prop. 11.6 
below) to consider two closely related properties of topological spaces: 


1. second-countability (def. 9.6 below); 


2. sigma-compactness (def. 9.8 below) 


Definition 9.6. (second-countable topological space) 


A topological space is called second countable if it admits a base for its topology £, (def. 
2.8) which is a countable set of open subsets. 


Example 9.7. (Euclidean space is second-countable) 


Let n € N. Consider the Euclidean space R” with its Euclidean metric topology (example 1.6, 
example 2.10). Then R” is second countable (def. 9.6). 


A countable set of base open subsets is given by the open balls By(e) of rational radius 


€ € Q., © Rs and centered at points with rational coordinates: x € Q" c R". 


Proof. To see that this is still a base, it is sufficient to see that every point inside very open 
ball in R” is contains in an open ball of rational radius with rational coordinates of its center 
that is still itself contained in the original open ball. 


To that end, let x be a point inside an open ball and let d € R, be its distance from the 
boundary of the ball. By the fact that the rational numbers are a dense subset of R, we may 


find epilon € Q such that 0 < e€< d/2 and then we may find x’ € Q” c R” such that x’ € By (d/2). 


This open ball contains x and is contained in the original open ball. 
To see that this base is countable, use that 


1. the set of rational numbers is countable; 


2. the Cartesian product of two countable sets is countable. 


Definition 9.8. (sigma-compact topological space) 


A topological space is called sigma-compact if it is the union of a countable set of compact 


subsets (def. 8.2). 


Example 9.9. (Euclidean space is sigma-compact) 


For n € N then the Euclidean space R” (example 1.6) equipped with its metric topology 
(example 2.10) is sigma-compact (def. 9.8). 


Proof. For k€N let 
Ky, = Bo(k) c R” 


be the closed ball (def. 1.2) of radius k. By the Heine-Borel theorem (prop. 8.27) these are 
compact subspaces. Clearly they exhaust R”: 


R" = _U_ Bo(k) « 


Examples 


Below we consider three important classes of examples of paracompact spaces whose proof 
of paracompactness is non-trivial: 


e locally compact topological groups (prop. 9.17), 


e metric spaces (prop. 9.22), 


e CW-complexes (example 9.24). 


In order to discuss these, we first consider some recognition principles of paracompactness: 


1. locally compact and second-countable spaces are sigma-compact (prop. 9.10 below) 


2. locally compact and sigma-compact spaces are paracompact (prop. 9.12 below) 
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3. second-countable regular spaces are paracompact (prop. 9.23 below) 
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second-countable 


& locally compact 


U 
second-countable sigma-compact 
compact 
&regular & locally compact 
Nj U 
paracompact 


More generally, these statements are direct consequences of Michael's theorem on 
recognition of paracompactness (prop. 9.21 below). 


The first of these statements is fairly immediate: 


Lemma 9.10. (locally compact and second-countable spaces are siqgma-compact) 


Let X be a topological space which is 


1. locally compact (def. 8.35), 


2. second-contable (def. 9.6). 


Then X is sigma-compact (def. 9.8). 


Proof. \We need to produce a countable cover of X by compact subspaces. 
By second-countability there exists a countable base of open subsets 


B=({8; CX}. 


By local compactness, every point x € X has an open neighbourhood V,. whose topological 
closure Cl(V,) is compact. 


By definition of base of a topology (def. 2.8), for each x € X there exists B, € 6 such that 
x C B, CV,, hence such that Cl(B,) ¢ Cl(V,). 


Since subsets are closed in a closed subspace precisely if they are closed in the ambient 
space (lemma 2.31), since CI(V,.) is compact by assumption, and since closed subspaces of 


compact spaces are compact (lemma 8.24) it follows that B,. is compact. 


Applying this for each point exhibits X as a union of compact closures of base opens: 
X= Vy Cl(Bx). 
But since there is only a countable set £ of base open subsets to begin with, there is a 
countable subset J c X such that 
X= Y CBy). 
Hence 


{Cl(Bx) € X} 


xEl 


is a countable cover of X by compact subspaces. [If 
The other two statements need a little more preparation: 


Lemma 9.11. (locally compact and sigma-compact space admits nested countable 
cover by coompact subspaces) 


Let X be a topological space which is 


1. locally compact (def. 8.35); 


2. sigma-compact (def. 9.8). 


Then there exists a countable open cover {U; ¢ X},., of X such that for each i € 1 


1. the topological closure Cl(U;) (def. 2.24) is a compact subspace (def. 8.2, example 
2.17); 


2. Ci) © Vice, 


Proof. By sigma-compactness of xX there exists a countable cover {K; c X},.,, of compact 
subspaces. We use these to construct the required cover by induction. 


For i=0 set 
Up =O. 


Then assume that for n € N we have constructed a set {U; c X}, } with the required 


E{1,--n 
properties. 


In particular this implies that the union 


Q, = ClUyn) UKn-1 CX 


is a compact subspace (by example 8.8). We now construct an open neighbourhood U,,,, of 
this union as follows: 


Let {U,.c X} be a set of open neighbourhood around each of the points in Q,. By local 


xXEQn 


compactness of X, for each x there is a smaller open neighbourhood V, with 


{x} CV, CC1(V,) CU, . 


compact 


So {V,¢ Nee 
Jn © Q, Such that {V, c X} 


is still an open cover of Q,. By compactness of Q,,, there exists a finite set 


is a finite open cover. The union 


xEIn 
U = UV 
n+1 eJ x 


is an open neighbourhood of Q,,, hence in particular of Cl(U,,). Moreover, since finite unions of 


compact spaces are compact (example 8.8), and since the closure of a finite union is the 
union of the closures (prop. 2.26) the closure of U,,,, is compact: 


Cl(Uns1) = af i v,) 


= U ClV,) 


X€Jn compact 
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In conclusion, by induction we have produced a set {U, © X},_,, with Cl(U;) compact and 

Cl(U;) ¢ U;4,1 for all ie N. It remains to see that this is a cover. This follows since by 
construction each U,,,, is an open neighbourhood not just of Cl(U,,) but in fact of Q,, hence in 
particular of K,, and since the K, form a cover by assumption: 

UU,> UKi=X. 


ieN 


Proposition 9.12. (locally compact and sigma-compact spaces are paracompact) 


Let X be a topological space which is 


1. locally compact; 


2. sigma-compact. 


Then X is also paracompact. 


Proof. Let {U; ¢ X} 
locally finite cover. 


;¢, DE an open cover of X. We need to show that this has a refinement by a 


By lemma 9.11 there exists a countable open cover {V,, c X} of X such that for alln EN 


neN 
1. dV y) is compact; 
2 CU EV pias 


Notice that the complement Cl(V,,,,) \V, is compact, since CI(V,,,.,) is compact and V,, is 
open, by example 8.9. 


By this compactness, the cover {U; c xX} 
has a finite subcover {U; c X} 


ie, Fegarded as a cover of the subspace Cl(V;41) \Vn 
indexed by a finite set J, c/, for each neN. 


i€Jn 
We consider the sets of intersections 
Un = UiN Vns2\AVn- Wb cries, - 


Since V4.2 \ClV,_1) is open, and since Cl(Vz41) C Vy42 by construction, this U,, is still an 
open cover of Cl(Vnj+1) \Vn- We claim now that 


is a locally finite refinement of the original cover, as required: 


1. Uis a refinement, since by construction each element in U,, is contained in one of the 
Ui; 


2. U is still a covering because by construction it covers Cl(V,,,) \V, for alln EN, and since 
by the nested nature of the cover {V,, c X},.,, alSo {Cl(Vn+1) \Vn}rey iS a cover of X. 


3. U is locally finite because each point x € X has an open neighbourhood of the form 
Vn+2 \ClVy_1) (Since these also form an open cover, by the nestedness) and since by 
construction this has trivial intersection with U.,,3 and since all U, are finite, so that 
also U__U, is finite. 

k<n+3 
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Using this, we may finally demonstrate a fundamental example of a paracompact space: 


Example 9.13. (Euclidean space is paracompact) 


For n€N, the Euclidean space R” (example 1.6), regarded with its metric topology 
(example 2.10) is a paracompact topological space (def. 9.3). 


Proof. The Euclidean space is locally compact by example 8.38 and sigma-compact by 
example 9.9. Therefore the statement follows since locally compact and sigma-compact 
spaces are paracompact (prop. 9.12). Bf 


More generally all metric spaces are paracompact. This we consider below as prop. 9.22. 


Using this recognition principle prop. 9.12, a source of paracompact spaces are locally 
compact topological groups (def. 9.14), by prop. 9.17 below: 


Definition 9.14. (topological group) 


A topological group is a group G equipped with a topology tg c P(G) (def. 2.3) such that the 
group operation (—) -(—) : Gx GG and the assignment of inverse elements (—) 1:G > G 
are continuous functions. 


Example 9.15. (Euclidean space as a topological groups) 


For n € N then the Euclidean space R” with its metric topology and equipped with the 
addition operation from its canonical vector space structure is a topological group (def. 
9.14) (R", +). 


The following prop. 9.17 is a useful recognition principle for paracompact topological groups: 
Lemma 9.16. (open subgroups of topological groups are closed) 


Every open subgroup H c G of a topological group (def. 9.14) is closed. 


Proof. The set of H-cosets is a cover of G by disjoint open subsets. One of these cosets is H 
itself and hence it is the complement of the union of the other cosets, hence the complement 
of an open subspace, hence closed. [f 


Proposition 9.17. (locally compact topological groups are paracompact) 


A topological group (def. 9.14) which is locally compact (def. 8.35) is paracompact (def. 
2:3). 


Proof. By assumption of local compactness, there exists a compact neighbourhood C, c G of 
the neutral element. We may assume without restriction of generality that with g € C, any 
element, then also the inverse element g-1€C,. 


For if this is not the case, then we may enlarge C, by including its inverse elements, and the 
result is still a compact neighbourhood of the neutral element: Since taking inverse elements 
(—)~*:G > G is a continuous function, and since continuous images of compact spaces are 
compact, it follows that also the set of inverse elements to elements in C, is compact, and 
the union of two compact subspaces is still compact (example 8.8). 


Now for n€N, write Ce c G for the image Of [Ty ep. .ny Ce © Mkeg,-..n & under the iterated group 


i 
product operation Dees 6: 


n} 
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Then 


— n 
H:= ney £e CG 138 


is clearly a topological subgroup of G. 


Observe that each C? is compact. This is because ee C, is compact by the Tychonoff 


+n} 


theorem (prop. 8.17), and since continuous images of compact spaces are compact. Thus 


H= UC 
neNn 


is a countable union of compact subspaces, making it sigma-compact. Since locally compact 
and sigma-compact spaces are paracompact (prop. 9.12), this implies that H is paracompact. 


Observe also that the subgroup H is open, because it contains with the interior of C, a non- 
empty open subset Int(C,) c H and we may hence write H as a union of open subsets 


H= UY Int(C.)-h. 


Finally, as indicated in the proof of Lemma 9.16, the cosets of the open subgroup H are all 
open and partition G as a disjoint union space (example 2.16) of these open cosets. From 
this we may draw the following conclusions: 


e In the particular case where G is connected (def. 7.1), there is just one such coset, 
namely H itself. The argument above thus shows that a connected locally compact 
topological group is o-compact and (by local compactness) also paracompact. 


e In the general case, all the cosets are homeomorphic to H which we have just shown to 
be a paracompact group. Thus G is a disjoint union space of paracompact spaces. This is 
again paracompact by prop. 9.5. 


An archetypical example of a locally compact topological group is the general linear group: 


Example 9.18. (general linear group) 


For n € N the general linear group GL(n,R) is the group of real n x n matrices whose 
determinant is non-vanishing 


GL(n) = (A € Matyyn(R) | det(A) # 0) 


with group operation given by matrix multiplication. 


This becomes a topological group (def. 9.14) by taking the topology on GL,n,R) to be the 


subspace topology (def. 2.17) as a subspace of the Euclidean space (example 1.6) of 
matrices 


GL(n, R) € Matyxn(R) = R®™ 
with its metric topology (example 2.10). 


Since matrix multiplication is a polynomial function and since matrix inversion is a rational 
function, and since polynomials are continuous and more generally rational functions are 
continuous on their domain of definition (example 1.10) and since the domain of definition 
for matrix inversion is precisely GL(m, R) c Mat,,.,(IR), the group operations on GL(n, R) are 
indeed continuous functions. 


There is another topology which suggests itself on the general linear group: the compact- 
open topology (example 8.44). But in fact this coincides with the Euclidean topology: 


Proposition 9.19. (general linear group is subspace of the mapping space) 


The topology induced on the real general linear group when regarded as a topological 
subspace of Euclidean space with its metric topology 


GL(n, R) € Matyyn(R) = R™ 


(as in def. 9.18) coincides with the topology induced by regarding the general linear group 
as a subspace of the mapping space Maps(k”,k"), 


GL(n, R) c Maps(k", k") 


i.e. the set of all continuous functions k” > k" equipped with the compact-open topology. 


Proof. On the one hand, the universal property of the mapping space (prop. 8.45) gives that 
the inclusion 


GL(n, R) > Maps(R", R”) 


is a continuous function for GL(n,R) equipped with the Euclidean metric topology, because 
this is the adjunct of the defining continuous action map 


GL(n, R) x R” > R”™. 


This implies that the Euclidean metric topology on GL(n, R) is equal to or finer than the 
subspace topology coming from Map(R”, R”). 


We conclude by showing that it is also equal to or coarser, together this then implies the 
claims. 


Since we are speaking about a subspace topology, we may consider the open subsets of the 
ambient Euclidean space Mat,,,.,(IR) = R®), Observe that a neighborhood base of a linear 
map or matrix A consists of sets of the form 


U4 c= {p € Matyx(R) | — ae |Ae; — Be;| < e 


for € € (0,0), 


But this is also a base element for the compact-open topology, namely 


where K; == {e;} is a singleton and V; := B4,i(€) is the open ball of radius e« around Ae’. & 


Proposition 9.20. (general linear group is paracompact Hausdorff) 


The topological general linear group GL(n,R) (def. 9.18) is 


1. not compact; 


2. locally compact; 


3. paracompact Hausdorff. 
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Proof. Observe that 
2 
GL, (n, R) C Mata xn (R) = R™? 140 


is an open subspace, since it is the pre-image under the determinant function (which is a 
polynomial and hence continuous, example 1.10) of the of the open subspace R \ {0} c R: 


GL(n, R) = det ~*(R \ {0}) . 


As an open subspace of Euclidean space, GL(n,R) is not compact, by the Heine-Borel theorem 
(prop. 8.27). 


As Euclidean space is Hausdorff (example 4.8), and since every topological subspace of a 
Hausdorff space is again Hausdorff, so Gl(n, R) is Hausdorff. 


Similarly, as Euclidean space is locally compact (example 8.38) and since an open subspace 
of a locally compact space is again locally compact, it follows that GL(n, R) is locally compact. 


From this it follows that GL(n, R) is paracompact, since locally compact topological groups are 
paracompact by prop. 9.17. I 


Now we turn to the second recognition principle for paracompactness and the examples it 
implies. For the time being the remainded of this section is without proof. The reader may 
wish to skip ahead to the discussion of Partitions of unity. 


Proposition 9.21. (Michael's theorem) 


Let X be a topological space such that 


1. X is regular; 


2. every open cover of X has a refinement by a union of a countable set of locally finite 
sets of open subsets (the latter not necessarily covering). 


Then X is paracompact topological space. 


Using this one shows: 


Proposition 9.22. (metric spaces are paracompact) 


A metric space (def. 1.1) regarded as a topological space via its metric topology (example 
2.10) is paracompact (def. 9.3). 


Proposition 9.23. (second-countable regular spaces are paracompact) 


Let X be a topological space which is 


1, second-countable (def. 9.6); 


2. regular (def. 4.13). 


Then X is paracompact topological space. 


Proof. Let {U; < X},., be an open cover. By Michael's theorem (prop. 9.21) it is sufficient that 


we find a refinement by a countable cover (hence a countable union of sets consisting of 
single open subsets). 


But second countability implies precisely that every open cover has a countable subcover: 


Every open cover has a refinement by a cover consisting of base elements, and if there is 
only a countable set of these, then the resulting refinement necessarily contains at most this 
countable set of distinct open subsets. I 


Example 9.24. (CW-complexes are paracompact Hausdorff spaces) 


Let X be a paracompact Hausdorff space, let n € N and let 


f:s™*—>x 


be a continuous function from the (n— 1)-sphere (with its subspace topology inherited from 
Euclidean space, example 2.21). Then also the attachment space (example 6.30) XU; D", 


i.e. the pushout 


gn-i 4» xX 
{ (po) ix 
D™ —» Xu,D" 


is paracompact Hausdorff. 


This immediately implies that all finite CW-complexes (def. 6.35) relative to a paracompact 
Hausdorff space are themselves paracompact Hausdorff. In fact this is true generally: all 
CW-complexes are paracompact Hausdorff spaces. 


Partitions of unity 


A key aspect of paracompact Hausdorff spaces is that they are equivalently those spaces that 
admit partitions of unity. This is def. 9.32 and prop. 9.35 below. The existence of partitions 
of unity on topological spaces is what starts to give them “geometric character”. For instance 
the topological vector bundles discussed below behave as expected in the presence of 
partitions of unity. 


Before we discuss partitions of unity, we consider some technical preliminaries on locally 
finite covers. First of all notice the following simple but useful fact: 


Lemma 9.25. (every locally finite refinement induces one with the original index 
set) 


Let (X,t) be a topological space, let {U; < X},., be an open cover (def. 8.1), and let 
{V; < X} be a refinement (def. 9.2) to a locally finite cover (def. 9.1). 


jes’ 


By definition of refinement we may choose a function 
g:J>l 
such that 


Vi < Yew) - 
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Then {W; c X}._, with 


iel 


W; = U v}} 
jeo Ci) 


is still a refinement of {U; < X}._, to a locally finite cover. 


iel 


Proof. It is clear by construction that W; c U;, hence that we have a refinement. We need to 
show local finiteness. 


Hence consider x € X. By the assumption that {V; c Mey is locally finite, it follows that there 
exists an open neighbourhood U, > {x} and a finite subset K c J such that 


pela Ux av7= 0). 


Hence by construction 


enous ia) W; = 0) . 


Since the image ¢(K) C1 is still a finite set, this shows that {W; c X}.__ is locally finite. 


iel 


In the discussion of topological manifolds below, we are particularly interested in topological 
spaces that are both paracompact as well as Hausdorff. In fact these are even normal: 


Proposition 9.26. (paracompact Hausdorff spaces are normal) 
Every paracompact Hausdorff space (def. 9.3, def. 4.4) is normal (def. 4.13). 


In particular compact Hausdorff spaces are normal. 


Proof. Let (X,t) be a paracompact Hausdorff space 


We first show that it is regular: To that end, let x € X be a point, and let Cc X be a closed 
subset not containing x. We need to find disjoint open neighbourhoods U,, > {x} and Uc DC. 


First of all, by the Hausdorff property there exists for each c € C disjoint open neighbourhods 
Uy > {x} and U, > {c}. As c ranges, the latter clearly form an open cover {U, ¢ X}__. of C, and 


so the union 


cEec 


{U, CX}... UX\C 


ceECc 


is an open cover of X. By paracompactness of (X,1), there exists a locally finite refinement, 
and by lemma 9.25 we may assume its elements to share the original index set and be 
contained in the original elements of the same index. Hence 


{V, CU, c X} 


cec 
is a locally finite collection of subsets, such that 


Uc = U V. 


ceEc 


is an open neighbourhood of C. 


Now by definition of local finiteness there exists an open neighbourhood W,, > {x} and a finite 
subset K < C such that 
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cele Wa Ve =O). 


Consider then 143 
U, = WN( 0 (Ure) 
which is an open neighbourhood of x, by the finiteness of K. 
It thus only remains to see that 
U, fa} Uc = 0) A 


But this holds because the only V, that intersect W, are the V,; C U, for k € K and each of 
these is by construction disjoint from U,., and hence from U,. 


This establishes that (X,t) is regular. Now we prove that it is normal. For this we use the 
same approach as before: 


Let C,D < X be two disjoint closed subsets. By need to produce disjoint open neighbourhoods 
for these. 


By the previous statement of regularity, we may find for each c € C disjoint open 
neighbourhoods U, c {c} and Up. > D. Hence the union 


(Use X},2- UXVE 


is an open cover of X, and thus by paracompactness has a locally finite refinement, whose 
elementes we may, again by lemma 9.25, assume to have the same index set as before and 
be contained in the previous elements with the same index. Hence we obtain a locally finite 
collection of subsets 


{V, CU, c X} 


ceEc 


such that 


is an open neighbourhood of C. 


It is now sufficient to see that every point d € D has an open neighbourhood U, not 
intersecting U,, for then 


Up = UU 
D aep 4% 


is the required open neighbourhood of D not intersecting U¢. 


Now by local finiteness of {V, c X} 
there is a finite set Kz ¢ C so that 


cexr every d € D has an open neighbourhood W, such that 


ee: fa} Wa = 0) - 
Accordingly the intersection 


Ca Wa) eae Unc) 


is still open and disjoint from the remaining V,, hence disjoint from all of Uc. Hi 


That paracompact Hausdorff spaces are normal (prop. 9.26) allows to “shrink” the open 
subsets of any locally finite open cover a little, such that the topological closure of the small 
patch is still contained in the original one: 


Lemma 9.27. (shrinking lemma for locally finite covers) 


Let X be a topological space which is normal (def. 4.13) and let {U; < X},_, be a locally finite 
open cover (def. 9.1). 


Then there exists another open cover {V; ¢ X},., 
its elements is contained in the original patches: 


such that the topological closure Cl(V;) of 


V (V; Cc Cl(V;) Cc U;) . 
tel 


We now prove the shrinking lemma in increasing generality; first for binary open covers 
(lemma 9.28 below), then for finite covers (lemma 9.29), then for locally finite countable 
covers (lemma 9.31), and finally for general locally finite covers (lemma 9.27, proof below). 
The last statement needs the axiom of choice. 


Lemma 9.28. (shrinking lemma for binary covers) 


Let (X,t) be a normal topological space and let {U c X},. (4,23 29 Open cover by two open 
subsets. 


Then there exists an open set V, c X whose topological closure is contained in U, 


V, cCl(V,) CU, 


and such that {V,,U>} is still an open cover of X. 


Proof. Since U, UU, = X it follows (by de Morgan's law, prop. 0.3) that their complements 
X \ U;, are disjoint closed subsets. Hence by normality of (X,r) there exist disjoint open 
subsets 


Ve SX VoaX5 Vis 
By their disjointness, we have the following inclusions: 
V,CX\V2CU,. 
In particular, since X \ V, is closed, this means that Cl(V,) ¢ Cl(X \V2) =X \V>. 
Hence it only remains to observe that V, UU, = X, which is true by definition of V,. Bf 


Lemma 9.29. (shrinking lemma for finite covers) 


Let (X,t) be a normal topological space, and let {U; ¢ X},_ aan be an open cover witha 


finite number n € N of patches. Then there exists another open cover {V; c X},., such that 
Cl(V;) CU; for alli €. 


Proof. By induction, using lemma 9.28. 


To begin with, consider {U,, o U;}. This is a binary open cover, and hence lemma 9.28 gives 


n 
an open subset V, c X with V, c Cl(V,) c U, such that {V,, Y U;} is still an open cover, and 


accordingly so is 
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Vx} U Aner eae " 
Similarly we next find an open subset V, c X with V, c Cl(V,) c Uz and such that 145 
Vi, V2} U Wdiers,.n} 


is an open cover. After n such steps we are left with an open cover {V; c X} as 


i€{1,--,n} 
required. 


Remark 9.30. Beware the induction in lemma 9.29 does not give the statement for infinite 
countable covers. The issue is that it is not guaranteed that iY V; is a cover. 


And in fact, assuming the axiom of choice, then there exists a counter-example of a 
countable cover on a normal spaces for which the shrinking lemma fails (a Dowker space 


due to Beslagic 85). 


This issue is evaded if we consider locally finite countable covers: 
Lemma 9.31. (shrinking lemma for locally finite countable covers) 


Let (x,t) be a normal topological space and {U; ¢ X},-,, 4 locally finite countable cover. Then 
there exists open subsets V; c X fori € N such that V; c Cl(V;) c U; and such that {V; c X} 


ieN 
is still a cover. 


Proof. As in the proof of lemma 9.29, there exist V; for i€ N such that V; c Cl(V;) C U; and 
such that for every finite number, hence every n EN, then 


Now the extra assumption that {U; ¢ X},_, is locally finite implies that every x € X is contained 
in only finitely many of the U;, hence that for every x € X there exists n, € N such that 


This implies that for every x then 
Ny 
xE€ UViC U V; 
i=0 ieN 


hence that {V; c X}._,, is indeed a cover of X. fi 


ieN 
This is as far as one gets without the axiom of choice. We now invoke Zorn's lemma to 
generalize the shrinking lemma for finitely many patches (lemma 9.29) to arbitrary sets of 
patches: 


Proof. of the general shrinking lemma, lemma 9.27. 


Let {U; c X},_, be the given locally finite cover of the normal space (x,t). Consider the set S of 


pairs (J,V) consisting of 


1. a subset J/c/; 


2. an I-indexed set of open subsets V = {V; Cc X},_, 


with the property that 


1.@escoD> (CV) CUP; 


3. {V; < X}._, is an open cover of X. 


iel 


Equip the set S with a partial order by setting 
(Uy-¥) < UW) @ (Uy <Ja)and(y i= Wa). 


By definition, an element of S with J =/ is an open cover of the required form. 


We claim now that a maximal element (J, V) of (S, <) has J =1. 


For assume on the contrary that (J,V) is maximal and there were i €/ \ J. Then we could 
apply the construction in lemma 9.28 to replace that single V; with a smaller open subset V’; 
to obtain V’ such that Cl(V’;) ¢ V; and such that V’ is still an open cover. But that would mean 
that V,V) < VU {i}, V’), contradicting the assumption that (J,V) is maximal. This proves by 
contradiction that a maximal element of (S, < ) has J =/ and hence is an open cover as 
required. 


We are reduced now to showing that a maximal element of (5, < ) exists. To achieve this we 
invoke Zorn's lemma. Hence we have to check that every chain in (S, < ), hence every totally 
ordered subset has an upper bound. 


So let Tc S be a totally ordered subset. Consider the union of all the index sets appearing in 
the pairs in this subset: 


ver!’ 
Now define open subsets W; for i € K picking any (J,V) in T with ie J and setting 
W; = V; iek. 


This is independent of the choice of (J,V), hence well defined, by the assumption that (T, <) 
is totally ordered. 


Moreover, for i€1\ K define 
W; = U; iel \K Fi 


We claim now that {W; c X},_, thus defined is a cover of X. Because by assumption that 

{U; < X},_, is locally finite, so for every point x € X there exists a finite set J, ¢ J such that 

(i e€l\ J,) > (x €U;). Since (T, < ) is a total order, it must contain an element (J,V) such that 
the finite set J, NK is contained in its index set J, hence J, NK c J. Since that V is a cover, it 
follows that x € ae cy V;, hence in ¥, W;. 

This shows that (K, W) is indeed an element of S. It is clear by construction that it is an upper 
bound for (T, < ). Hence we have shown that every chain in (S, < ) has an upper bound, and 
so Zorn’s lemma implies the claim. 


After these preliminaries, we finally turn to the partitions of unity: 
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Definition 9.32. (partition of unity) 


Let (X,r) be a topological space, and let {U; c X},_, be an open cover. Then a partition of 
unity subordinate to the cover is 


of continuous functions 


e a set {f,} 


iel 
f,:X— [0,1] 


(where [0,1] c R is equipped with the subspace topology of the real numbers R 
regarded as the 1-dimensional Euclidean space equipped with its metric topology); 


such that with 


Supp(f,) = Cl(f, *((0,1])) 


denoting the support of f; (the topological closure of the subset of points on which it does 
not vanish) then 


1. v (Supp(f,) ¢ Yi); 


2. {Supp(f;) ¢ X} is a locally finite cover (def. 9.1); 


8, Viet 4): 


xEX 


Remark 9.33. Regarding the definition of partition of unity (def. 9.32) observe that: 


1. Due to the second clause in def. 9.32, the sum in the third clause involves only a finite 
number of elements not equal to zero, and therefore is well defined. 


2. Due to the third clause, the interiors of the supports {h; *((0,1]) ¢ X}e1 constitute a 
locally finite open cover: 


1. they are open, since they are the pre-images under the continuous functions f; 
of the open subset (0,1] ¢ [0,1], 


2. they cover because, by the third clause, for each x € x there is at least one i €/ 
with h;(X) > 0, hence x € h; *((0,1]) 


3. they are locally finite because by the second clause alreay their closures are 
locally finite. 


Example 9.34. Consider R with its Euclidean metric topology. 


Let e € (0,0) and consider the open cover 


{n-1-e6n+1+6) CR} 


neZcR* 


(def. 9.32)) subordinate to this cover is given by 


Then a partition of unity {f,,:IR — [0,1]} 


neN 
x—-(n-1) | n-1Sx<n 

f,0) = )1-(@-n) | nsx<sntl 

0 | otherwise 


Proposition 9.35. (paracompact Hausdorff spaces equivalently admit subordinate 
partitions of unity) 
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Let (X,t) be a Hausdorff topological space (def. 4.4). Then the following are equivalent: 


1. (X,t) is a paracompact topological space (def. 9.3). 


2. Every open cover of (X,t) admits a subordinate partition of unity (def. 9.32). 


Proof. One direction is immediate: Assume that every open cover {U; c X},., admits a 
subordinate partition of unity {f,},.,. Then by definition (def. 9.32) {Int(Supp(f),) © X},., isa 
locally finite open cover refining the original one (remark 9.33), hence X is paracompact. 


We need to show the converse: If (X,t) is a paracompact topological space, then for every 
open cover there is a subordinate partition of unity (def. 9.32). 


By paracompactness of (X,t), for every open cover there exists a locally finite refinement 
{U; © X},-,, and by lemma 9.25 we may assume that this has the same index set. It is now 
sufficient to show that this locally finite cover {U; c X},., admits a subordinate partition of 
unity, since this will then also be subordinate to the original cover. 


Since paracompact Hausdorff spaces are normal (prop. 9.26) we may apply the shrinking 

lemma 9.27 to the given locally finite open cover {U; c xX}, to obtain a smaller locally finite 
open cover {V; c X},_,. Apply the lemma once more to that result to get a yet smaller open 
cover {W; c X} so that now 


ier! 
Vv (Wi = Cl(W;) Cc V; = Cl(V;) Cc U;) . 
L 


It follows that for each i € we have two disjoint closed subsets, namely the topological 
closure Cl(W;) and the complement X \ V; 


Cl(W;) N(X\ Vi) =o. 


Now since paracompact Hausdorff spaces are normal (prop. 9.26), Urysohn's lemma (prop. 
4.20) says that there exist continuous functions of the form 


h; : X — [0,1] 
with the property that 
hi(Cl(W;)) = {1}, hi(X \ Vi) = {0}. 


This means in particular that h; *((0,1]) ¢ V; and hence that the support of the function is 
contained in U; 


Supp(hi) = Cl(hi *((0,1])) < CV) < U;. 


By this construction, the set of function {h,},., already satisfies conditions 1) and 2) ona 
partition of unity subordinate to {U; c X},_, from def. 9.32. It just remains to normalize these 
functions so that they indeed sum to unity. To that end, consider the continuous function 


h:X— [0,1] 


defined on x € X by 


h(x) = >, hilo) 


iel 


Notice that the sum on the right has only a finite number of non-zero summands, due to the 
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local finiteness of the cover, so that this is well-defined. Moreover this is again a continuous 
function, since polynomials are continuous (example 1.10). 


Moreover, notice that 
WY (h(x) # 0) 


because {Cl(W;) Cc X},., is a cover so that there is i, € 7 with x € Cl(W;,,), and since 
h,(Cl(W;,,)) = {1}, by the above, and since all contributions to the sum are non-negative. 


Hence it makes sense to define the ratios 
f, = hi/h. 


Since Supp(f;) = Supp(h;) this still satisfies conditions 1) and 2) on a partition of unity (def. 
9.32), but by construction this now also satisfies 


Sie 


iel 
and hence the remaining condition 3). Therefore 
tafe 


is a partition of unity as required. [J 


We will see various applications of prop. 9.35 in the discussion of topological vector bundles 
and of topological manifolds, to which we now turn. 


10. Vector bundles 


A (topological) vector bundle is a collection of vector spaces that vary continuously over a 
topological space. Hence topological vector bundles combine linear algebra with topology. 
The usual operations of linear algebra, such as direct sum and tensor product of vector 

spaces, generalize to “parameterized” such operations ®, and @, on vector bundles over 


some base space X (def. 10.28 and def. 10.29 below). 


This way a semi-ring (Vect(X),_, By, @x) of isomorphism classes of topological vector 


bundles is associated with every topological space. If one adds in formal additive inverses to 
this semiring (passing to the group completion of the direct sum of vector bundles) one 
obtains an actual ring, called the topological K-theory K(X) of the topological space. This is a 
fundamental topological invariant that plays a central role in algebraic topology. 


A key class of examples of topological vector bundles are the tangent bundles of 
differentiable manifolds to which we turn below. For these the vector space associated with 
every point is the “linear approximation” of the base space at that point. 


Topological vector bundles are particularly well behaved over paracompact Hausdorff spaces, 
where the existence of partitions of unity (by prop. 9.35 above) allows to perform global 
operations on vector bundles by first performing them locally and then using the partition of 
unity to continuously interpolate between these local constructions. This is one reason why 
the definition of topological manifolds below demands them to be paracompact Hausdorff 
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spaces. 


The combination of topology with linear algebra begins in the evident way, in the same vein 
as the concept of topological groups (def. 9.14); we “internalize” definitions from linear 
algebra into the cartesian monoidal category Top (remark 3.3, remark 3.29): 


Definition 10.1. (topological ring and topological field) 
A topological ring is 
1. a ring (R,+,-), 


2. a topology tp < P(R) on the underlying set of the ring, making it a topological space 
(R, Tr) (def. 2.3) 


such that 


1. (R, +) is a topological group with respect to tp (def. 9.14); 


2. also the multiplication (—)-(—) : R x R— R is a continuous function with respect to tp 
and the product topology (example 2.19). 


A topological ring ((R, tz), +, -) is a topological field if 


1. (R, +, -) is a field; 


2. the function assigning multiplicative inverses (—)~* : R \ {0} > R \ {0} is a continuous 
function with respect to the subspace topology. 


Remark 10.2. There is a redundancy in def. 10.1: For a topological ring the continuity of the 
assignment of additive inverses is already implied by the continuity of the multiplication 
operation, since 


—a=(-1)-a. 
Example 10.3. (real and complex numbers are topological fields) 


The fields of real numbers R and of complex numbers C ~ R? are topological fields (def. 
10.1) with respect to their Euclidean metric topology (example 1.6, example 2.10) 


That the operations on these fields are all continuous with respect to the Euclidean 
topology is the statement that rational functions are continuous on the domain of definition 
inside Euclidean space (example 1.10.) 


Definition 10.4. (topological vector bundle) 
Let 


1. k be a topological field (def. 10.1) 


2. X be a topological space. 


Then a topological k-vector bundle over X is 


1. a topological space E; 


2. a continuous function E 4x 
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3. for each x € X the stucture of a finite-dimensional k-vector space on the pre-image 


Ey = 1~*({x}) CE 
called the fiber of the bundle over x 
such that this is locally trivial in that there exists: 
1. an open cover {U; C X},_,, 


2. for each ie / ann; € N and a homeomorphism 


Q; ; U; x kn => m~*(U,) cE 


from the product topological space of U; with the real numbers (equipped with their 
Euclidean space metric topology) to the restriction of E over U;, such that 


1. @, is a function over U; in that mo ¢, = pr,, hence in that $,({x} x k") ¢ m~*({x}) 


2. ¢, is a linear map in each fiber in that 


y, (4,0) eS By = 2 1(G9)). 


xEU; 


Here is the diagram of continuous functions that illustartes these conditions: 


; dj 
, Mp eh G 
Uy x ke fibws. linear Ely, E 
Ty, T 
ov ts 
U; & xX 


Often, but not always, it is required that the numbers n, are all equal to some n EN, for all 
ieé1, hence that the vector space fibers all have the same dimension. In this case one says 
that the vector bundle has rank n. (Over a connected topological space this is automatic, 
but the fiber dimension may be distinct over distinct connected components. ) 


For [E, ue X] and [E, % X] two topological vector bundles over the same base space, then a 
homomorphism between them is 


e a continuous function f:E, — E, 


such that 
1. f respects the projections: 2, °f =1;; 


2. for each x € X we have that f|, :(£1), > (E2), is a linear map. 


f 
E ———> E 
1 fibws. linear 2 
Ty \ “to 
xX 


Remark 10.5. (category of topological vector bundles) 


For X a topological space, there is the category whose 


e objects are the topological vector bundles over X, 
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e morphisms are the topological vector bundle homomorphisms 
according to def. 10.4. This category is usually denoted Vect(X). 


The set of isomorphism classes in this category (topological vector bundles modulo 
invertible homomorphism between them) we denote by Vect(X) ,_. 


There is a larger category, where we allow the morphisms to involve a continuous function 


f:X — Y between base spaces, so that the continuous functions on total spaces f:E, — E, 
are, besides being fiberwise linear, required to make the follwoing diagram commute: 


Remark 10.6. (some terminology) 
Let k and n be as in def. 10.4. Then: 


For k = R one speaks of rea/ vector bundles. 


For k = C one speaks of complex vector bundles. 


For n = 1 one speaks of /ine bundles, in particular of rea/ line bundles and of complex line 
bundles. 


Remark 10.7. (any two topologial vector bundles have local trivialization over a 
common open cover) 


Let [E, — X] and [E, > X] be two topological vector bundles (def. 10.4). Then there always 
exists an open cover {U; c X},., such that both bundles have a local trivialization over this 


cover. 
Proof. By definition we may find two possibly different open covers {Ui, Cc A) cer and 
5 ; nee 1 tis 2 iz 
(Ui, < X3i€l with local tivializations {U;, > EF, lug ee and {Uj, > FE, luz. Sel" 


The joint refinement of these two covers is the open cover given by the intersections of the 
original patches: 


{Ui,i, = Ui, NUZ CX} 


ig ,tg (iz,ig) Ely XIq 


The original local trivializations restrict to local trivializations on this finer cover 


1 
Pi luZ 
U;.;,—E 
14,12 Pr 1 lat 
(i412) E14 X12 
and 
2 
Palys 
Ui, in oe Ey lui, in 


(iq,ig) E14 X Ip 
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Example 10.8. (topological trivial vector bundle and (local) trivialization) 


For X any topological space, and n€N, we have that the product topological space 


n Ply 


Xxk' xX 


canonically becomes a topological vector bundle over X (def. 10.4). A local trivialization is 
given over the trivial cover {X c X} by the identity function @. 


This is called the trivial vector bundle of rank n over X. 


Given any topological vector bundle £ > X, then a choice of isomorphism to a trivial bundle 
(if it exists) 


E—>Xxk" 


is called a trivialization of E. A vector bundle for which a trivialization exists is called 
trivializable. 


Accordingly, the local triviality condition in the definition of topological vector bundles (def. 
10.4) says that they are locally isomorphic to the trivial vector bundle. One also says that 
the data consisting of an open cover {U; c X},_, and the homeomorphisms 


iel 


{Uixk" 5 Ely, } 


i€l 


as in def. 10.4 constitute a /ocal trivialization of E. 


Example 10.9. (section of a topological vector bundle) 
LetE 5X bea topological vector bundle (def. 10.4). 


Then a homomorphism of vector bundles from the trivial line bundle (example 10.8, 
remark 10.6) 


f:Xxk—-eE 


is, by fiberwise linearity, equivalently a continuous function 


ao:X—E 
such that moo = idy 


E 
ot ae 
Xx —> XxX 
idy 
Such functions o:X > E are called sections (or cross-sections) of the vector bundle E. 
Namely f by is necessarily of the form 
f(x, c) = c+ o(x) 
for a unique such section o. 


Example 10.10. (topological vector sub-bundle) 


Given a topological vector bundel FE — X (def. 10.4), then a sub-bundle is a homomorphism 
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of topological vector bundles over X 

i: E' OE 
such that for each point x € X this is a linear embedding of fibers 
: By, OE,. 


a 


(This is a monomorphism in the category Vect(X) of topological vector bundles over xX 
(remark 10.5).) 


The archetypical example of vector bundles are the tautological line bundles on projective 
spaces: 


Definition 10.11. (topological projective space) 


Let k be a topological field (def. 10.1) and n EN. Consider the product topological space 
kn? = Mes snaseay tr IEE k"*1\ {0} ck”** be the topological subspace which is the 


complement of the origin, and consider on its underlying set the equivalence relation which 
identifies two points if they differ by multiplication with some c € k (necessarily non-zero): 


(xX, ~%,) © (3 = c%,)) . 


The equivalence class [x] is traditionally denoted 


Then the projective space kP” is the corresponding quotient topological space 


RPS (RIO) 


For k = R this is called rea/ projective space RP"; 


for k = C this is called complex projective space CP”. 


Examples 10.12. (Riemann sphere) 


The first complex projective space (def. 10.11) is homeomorphic to the Euclidean 2-sphere 
(example 2.21) 


cpl=S?. 


Under this identification one also speaks of the Riemann sphere. 


Definition 10.13. (standard open cover of topological projective space) 
For n€N the standard open cover of the projective space kP” (def. 10.11) is 
{U; c kP™} 


i€{1,--,n+1} 


with 


least one of the x; has to be non-vanishing. 
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2. These subsets are open in the quotient topology kP” = (k” \ {0})/ ~ , since their pre- 
image under the quotient co-projection k"*? \ {0} > kP™ coincides with the pre-image 
pr, *(k \ {0}) under the projection onto the ith coordinate in the product topological 


Se rn 
space k""* = Miia 


Example 10.14. (canonical cover of Riemann sphere is the stereographic 
projection) 


Under the identification CP? ~ S? of the first complex projective space as the Riemann 
sphere, from example 10.12, the canonical cover from def. 10.13 is the cover by the two 
stereographic projections from example 3.33. 


Definition 10.15. (topological tautological line bundle) 


For k a topological field (def. 10.1) and nEN, the tautological line bundle over the 
projective space kP” is topological k-line bundle (remark 10.6) whose total space is the 
following subspace of the product space (example 2.19) of the projective space kP” (def. 
10.11) with k”: 


where (x), c k"*? is the k-linear span of x. 


(The space T is the space of pairs consisting of the “name” of a k-line in k"** together with 
an element of that k-line) 


This is a bundle over projective space by the projection function 


Le | 
| 
= 
v 
3 


Proposition 10.16. (tautological topological line bundle is well defined) 


The tautological line bundle in def. 10.15 is well defined in that it indeed admits a local 
trivialization. 


Proof. We claim that there is a local trivialization over the canonical cover of def. 10.13. This 
is given for i € {1,---,n} by 


U,;xk = Ty. 
i 


This is clearly a bijection of underlying sets. 


To see that this function and its inverse function are continuous, hence that this is a 
homeomorphism notice that this map is the extension to the quotient topological space of 
the analogous map 


(Xp Xia Migr Angad C) PF (Hp Maa Mig ae Xn ga), (CX, CX, 6, CX pa, CXn41)) . 


This is a polynomial function on Euclidean space and since polynomials are continuous, this is 
continuous. Similarly the inverse function lifts to a rational function on a subspace of 
Euclidean space, and since rational functions are continuous on their domain of definition, 
also this lift is continuous. 


Therefore by the universal property of the quotient topology, also the original functions are 
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continuous. 


Transition functions 


We discuss how topological vector bundles are equivalently given by cocycles (def. 10.20 
below) in Cech cohomology (def. 10.34) constituted by their transition functions (def. 10.19 
below). This allows to make precise the intuition that vector bundles are precisely the result 
of “continuously gluing” trivial vector bundles onto each other” (prop. 10.35 below). 


This gives a “local-to-global principle” for constructions on vector bundles. For instance it 
allows to easily obtain concepts of direct sum of vector bundles and tensor product of vector 
bundles (def. 10.28 and def. 10.29 below) by applying the usual operations from linear 
algebra on a local trivialization and then re-glung the result via the combined transition 
functions. 


The definition of Cech cocycles is best stated with the following terminology in hand: 


Definition 10.17. (continuous functions on open subsets with values in the general 
linear group) 


For n EN, regard the general linear group GL(n,k) as a topological group with its standard 
topology, given as the Euclidean subspace topology via GL(n,k) € Mat, .,(k) = k@*) or as the 
subspace topology GL(n,k) ¢ Maps(k",k”) of the compact-open topology on the mapping 
space. (That these topologies coincide is the statement of this prop.. 


For X a topological space, we write 


GL(n, k) : U > Homgop (U, GL(n, k)) 


for the assignment that sends an open subset U c X to the set of continuous functions 
g:U > GL(n,k) (for U c X equipped with its subspace topology), regarded as a group via the 
pointwise group operation in GL(m, k): 


94°92: xX? g,(%)-9,@)- 
Moreover, for U' c Uc X an inclusion of open subsets, and for g € GL(n,k)(U), we write 
Ily, € GL(n, k)(U") 
for the restriction of the continuous function from U to U’. 
Remark 10.18. (sheaf of groups) 


In the language of category theory the assignment GL(n,k) from def. 10.17 of sets 


continuous functions to open subsets and the restriction operations between these is called 
a sheaf of groups on the site of open subsets of xX. 


Definition 10.19. (transition functions) 


Given a topological vector bundle E > X as in def. 10.4 and a choice of local trivialization 
{o,:U; xk" 5S Ely} (example 10.8) there are for i, j € J induced continuous functions 


{g; : UiNU;) > GLO k)} 


ijel 
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to the general linear group (as in def. 10.17) given by composing the local trivialization 
isomorphisms: 


Pilu;nu; $j ‘lu;nu; i 
(Ay ke 4 ye, —— Ke 
U 


d 


(x,v) — (x, 9) 


These are called the transition functions for the given local trivialization. 
These functions satisfy a special property: 


Definition 10.20. (Cech cocycles) 


Let X be a topological space. 


A normalized Cech cocycle of degree 1 with coefficients in GL(n,k) (def. 10.17) is 
1. an open cover {U; € X};¢, 
2. for all i,j € 7 a continuous function 9;;:U; NU; > GL(@v,k) as in def. 10.17 
such that 


1. (normalization) LACH = const, ) (the constant function on the neutral element in 
L 
GL(n, k)), 


2. (cocycle condition) RAC *Gij = Gin ONU;NUZN Ux). 


ik 
Write 
C*(X, GL(n, k)) 


for the set of all such cocycles for given n € N and write 


C'(X,GL(k)) =U C*(X, GL(n, k)) 


for the disjoint union of all these cocycles as n varies. 
Example 10.21. (transition functions are Cech cocycles) 


Let E > X be a topological vector bundle (def. 10.4) and let {U; ¢ X},.,, {6;:Ui xk" 5 Ely,} 
be a local trivialization (example 10.8). 


Then the set of induced transition functions {9;;:Ui NU; > GL(n)} according to def. 10.19 is a 


normalized Cech cocycle on X with coefficients in GL(k), according to def. 10.20. 
Proof. This is immediate from the definition: 


9) = g. 2 p% =) 


= idyn 


and 


iel 
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Gj) 94) = (4, '°,) 2 (4; *°6,) -) 
= ob, °$;(% -) 
= Giz) 


Conversely: 
Example 10.22. (topological vector bundle constructed from a Cech cocycle) 


Let X be a topological space and let c € C*(X,GL(k)) a Cech cocycle on X according to def. 
10.20, with open cover {U; c X},., and component functions {g,,;} 


ie€l ijer 


This induces an equivalence relation on the product topological space 


n 
(Ua x 


(of the disjoint union space of the patches U; c X regarded as topological subspaces with 
the product space k” = er k) given by 


((%,),v) ~ (/),w)) & (@=y) and (9,0) =). 


Write 


E(c) = (Cu, Ui) x k")/({94)}, 21) 


for the resulting quotient topological space. This comes with the evident projection 


E(c) eee 
[(%i,),v] eo x 


which is a continuous function (by the universal property of the quotient topological space 
construction, since the corresponding continuous function on the un-quotientd disjoint 
union space respects the equivalence relation). Moreover, each fiber of this map is 
identified with k”, and hence canonicaly carries the structure of a vector space. 


Finally, the quotient co-projections constitute a local trivialization of this vector bundle over 


the given open cover. 


Therefore E(c) > X is a topological vector bundle (def. 10.4). We say it is the topological 
vector bundle g/ued from the transition functions. 


Remark 10.23. (bundle glued from Cech cocycle is a coequalizer) 


Stated more category theoretically, the constructure of a topological vector bundle from 
Cech cocycle data in example 10.22 is a universal construction in topological spaces, 
namely the coequalizer of the two morphisms 


iu: UiNU;) xv WU:xV 


in the category of vector space objects in the slice category Top/X. Here the restriction of i 
to the coproduct summands is induced by inclusion: 


(U;NU;)xXxVoOU,xVS> WU;xV 
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and the restriction of uw to the coproduct summands is via the action of the transition 
functions: 


(incl, 9; ;)) xV action 
(U; N U;) x V———} JU; x GL(V) x V —> U; XV Oo UU; xV 
J 


In fact, extracting transition functions from a vector bundle by def. 10.19 and constructing a 
vector bundle from Cech cocycle data as above are operations that are inverse to each other, 
up to isomorphism. 


Proposition 10.24. (topological vector bundle reconstructed from its transition 
functions 


Let [E 4 X] be a topological vector bundle (def. 10.4), let {U; < X},., be an open cover of 


9; be age F 
the base space, and let {u, Xk" SE lu} be a local trivialization. 
~ ie! 


Write 


{9;j = 6; 7° ;:Ui NU; > GL(n, kD} 


ijel 


for the corresponding transition functions (def. 10.19). Then there is an isomorphism of 
vector bundles over X 


(( ie! ees K")/({9.3}, 1) mest E 


from the vector bundle glued from the transition functions according to def. 10.19 to the 
original bundle E, whose components are the original local trivialization isomorphisms. 


Proof. By the universal property of the disjoint union space (coproduct in Top), continuous 
functions out of them are equivalently sets of continuous functions out of every summand 


ee eee dj 
space. Hence the set of local trivializations {U; x k” S J Pee 2s 
= U 


ie, May be collected into a 


single continuous function 


uu, x ke Seed 
iel 


By construction this function respects the equivalence relation on the disjoint union space 
given by the transition functions, in that for each x € U; NU; we have 


$(&1),0) = 6,20) 2° O,(%D,0) = O° (1.G,00@) - 


By the universal property of the quotient space coprojection this means that (¢,),_, uniquely 


extends to a continuous function on the quotient space such that the following diagram 
commutes 


( ul U;) x k” pier 
ier ' 
y 73) 


(( Ach Ui) 7 R95}, <1) 


It is clear that this continuous function is a bijection. Hence to show that it is a 
homeomorphism, it is now sufficient to show that this is an open map (by prop. 3.26). 


So let 0 be a subset in the quotient space which is open. By definition of the quotient 
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topology this means equivalently that its restriction 0; to U; x k” is open for each i€ J. Since 
the ¢, are homeomorphisms, it follows that the images ¢,(0;) ¢ Ely, are open. By the nature 


of the subspace topology, this means that these images are open also in £. Therefore also 160 


the union f(0) = Yi: Ov is open. i 


Here are some basic examples of vector bundles constructed from transition functions. 
Example 10.25. (Moebius strip) 
Let 
St ={(x,y) | x2 +y? =1} c R? 


be the circle with its Euclidean subspace metric topology. Consider the open cover 


1 
{Un co [fee 
with 
. 21 21 
Uy, = {(cos(a, sin(f)) | a © <a<(n+ N= + (| 
for any e € (0,27/6). 


Define a Cech cohomology cocycle (remark 10.20) on this cover by 


const_, | (4,n2) = (0,2) 


Dust = 4 const_; | (ny, N2) = (2, 0) 


const, | otherwise 

\\\ (\\ wal lkgaes 

a NONE RE Ear eey Pr 
NNN IRELES Efe 


Since there are no non-trivial triple intersections, all cocycle (( 
\ 


conditions are evidently satisfied. 


Accordingly by example 10.22 these functions define a vector 
bundle. 


NS 
Y 


\Y 
‘Ne 


¢ 
Wy 


\\ 
Mg TTT 


HTT 


The total space of this bundle is homeomorphic to (the interior, 
def. 2.27 of) the Moebius strip from example 3.32. 


Example 10.26. (basic complex line bundle on the 2-sphere) 
Let 


S? = {(x,y,z) | x? +y? +22 =1} c R? 
be the 2-sphere with its Euclidean subspace metric topology. Let 


{U;c al ae 


be the two complements of antipodal points 
Us = S?\ {(0,0, +1}. 


Define continuous functions 


U, NUL = €iio 
(V1 —z*cos(@),V1—z?sin(a@),z) »% exp(+ 2zia) 


Since there are no non-trivial triple intersections, the only cocycle condition is 


which is clearly satisfied. 


The complex line bundle this defined is called the basic complex line bundle on the 
2-sphere. 


With the 2-sphere identified with the complex projective space CP’ (the Riemann sphere), 
the basic complex line bundle is the tautological line bundle (example 10.15) on CP’. 


Example 10.27. (clutching construction) 


Generally, for n € N, n> 1 then the n-sphere S” may be covered by two open hemispheres 
intersecting in an equator of the form S"~* x (—e,e). A vector bundle is then defined by 
specifying a single function 


G23 s"-1 — GL, k) . 


This is called the clutching construction of vector bundles over n-spheres. 


Using transition functions, it is immediate how to generalize the operations of direct sum and 
of tensor product of vector spaces to vector bundles: 


Definition 10.28. (direct sum of vector bundles) 


Let X be a topological space, and let EF, > X and E, > X be two topological vector bundles 
over X. 


Let {U; c X},., be an open cover with respect to which both vector bundles locally trivialize 


(this always exists: pick a local trivialization of either bundle and form the joint refinement 
of the respective open covers by intersection of their patches). Let 


{(9),j:UiNUj >GLQu4)} = and —{(g,),,:Ui NU — GL(n2)} 


be the transition functions of these two bundles with respect to this cover. 


For i,j € I write 


(Gi; @ (9y)ij >: UN U; 7 GL(n, + n2) 


G7) 0 
x — 
0 (9), 


be the pointwise direct sum of these transition functions 


Then the direct sum bundle E, @ E, is the one glued from this direct sum of the transition 
functions (by this construction): 


E,@®E, = ((uu)x (R™*™2))/({o)y © a)u},,.,) 


Definition 10.29. (tensor product of vector bundles) 
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Let X be a topological space, and let EF; —- X and E, > X be two topological vector bundles 
over X. 


Let {U; c X},., be an open cover with respect to which both vector bundles locally trivialize 


(this always exists: pick a local trivialization of either bundle and form the joint refinement 
of the respective open covers by intersection of their patches). Let 


(C9) 4j:Ui NU;—>GL(n,)} and (92) 4 :Ui NU; — GL(n2)} 


be the transition functions of these two bundles with respect to this cover. 


For i,j € I write 
Gi & (9y)ij : U;N U; = GL(n, Nz) 


be the pointwise tensor product of vector spaces of these transition functions 


Then the tensor product bundle E, ® E, is the one glued from this tensor product of the 
transition functions (by this construction): 


E,@E, = ((yU)x(R"™))/({G,), @ Gi), ¢,) 
And so forth. For instance: 


Definition 10.30. (inner product on vector bundles) 
Let 


1. k be a topological field (such as the real numbers or complex numbers with their 
Euclidean metric topology ), 


2. X be a topological space, 


3. E- X a topological vector bundle over X (over R, say). 


Then an inner product on E is 


e a vector bundle homomorphism 


(-,-): E@,E—>XxR 


from the tensor product of vector bundles of F with itself to the trivial line bundle 


such that 
e for each point x € X the function 
(= —)|, Bx © Ex -R 


is an inner product on the fiber vector space, hence a positive-definite symmetric 
bilinear form. 


Next we need to see how the transition functions behave under isomorphisms of vector 
bundles. 


Definition 10.31. (coboundary between Cech cocycles ) 


Let X be a topological space and let c,,c, € C'(X, GL(k)) be two Cech cocycles (def. 10.20), 
given by 


1. {U; < X},., and {U'; c X},,.,, two open covers, 


2. (9; Ui fa) U; > GL, k)}i ie) and {9'w,jr :U'y fa) U'j, > GL(n', k)} 
component functions. 


ijren the corresponding 


Then a coboundary between these two cocycles is 


1. the condition thatn=7n’', 
2, an open cover {Vc X} 44 
3. functions ¢:A > 1 and ¢’:A > J such that (Ve © Ugeay) and (Va © U' gray )) 
4. a set {kg:Vq > GL(n, k)} of continuous functions as in def. 10.20 
such that 
: weak Iocangp) = F'6r(H4"(6) “Ka ONVaNVG), 


hence such that the following diagrams of linear maps commute for all a@,8 € A and 


xe Va fa) Ve: 
g (x) 
Kk (a) (BP) Kk 
Ka(X) | Lp 
n n 


——_——-—-———> 
I' pr (apr (Bp) 
Say that two Cech cocycles are cohomologous if there exists a coboundary between them. 


Example 10.32. (refinement of a Cech cocycle is a coboundary) 


Let X be a topological space and let c € C’(X,GL(k)) be a Cech cocycle as in def. 10.20, with 


respect to some open cover {U; c X},.,, given by component functions (Gipijer 


Then for {Vee} oe, 
there exists a function ¢:A > 1 with Va © Ug), then 


a refinement of the given open cover, hence an open cover such that 
I ap = I agp) Va Vg — GLm, k) 
are the components of a Cech cocycle c’ which is cohomologous to c. 


Proposition 10.33. (isomorphism of topological vector bundles induces Cech 
coboundary between their transition functions) 


Let X be a topological space, and let c,,c2 € C*(X,GL(n,k)) be two Cech cocycles as in def. 
10.20. 


Every isomorphism of topological vector bundles 
f : E(c,) > E(c2) 


between the vector bundles glued from these cocycles according to def. 10.22 induces a 
coboundary between the two cocycles, 
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Cy baa C2 , 
according to def. 10.31. 


Proof. By example 10.32 we may assume without restriction that the two Cech cocycles are 
defined with respect to the same open cover {U; c X},., (for if they are not, then by example 


10.32 both are cohomologous to cocycles on a joint refinement of the original covers and we 
may argue with these). 


Accordingly, by example 10.22 the two bundles E(c,) and E(c,) both have local trivializations 
of the form 


re 
{Ui xk" > E(es) ly, } 
= i 
and 
aya 
{U; x k” — E(c2)|y.} 
= i 
over this cover. Consider then for i € J the function 
f= @)*efly, 2b; 


hence the unique function making the following diagram commute: 


1 


(OF 
Upxk™ > ECr)ly, 


fy oe 


Ux k™ 3 Ely, 


2 
i 


aa 


This induces for all i, 7 € J the following composite commuting diagram 


1 1) -1 


(OF 
(UiNUj)Xk” —> Elealyjav, a> Ui Uj) xk” 


(U; NU;) x k” 52 EC) ya, aan (U; NU;) x k” 
i J 


By construction, the two horizonal composites of this diagram are pointwise given by the 
components Gi; and g;,0f the cocycles c, and c,, respectively. Hence the commutativity of this 


diagram is equivalently the commutativity of these diagrams: 
An Ij) yn 
—_ 

fi) I {Fi 


k”™ = k” 
9}, 


for all i,j € 1 and x €U,;NU;. By def. 10.31 this exhibits the required coboundary. 
Definition 10.34. (Cech cohomology) 


Let X be a topological space. The relation ~ on Cech cocycles of being cohomologous (def. 
10.31) is an equivalence relation on the set C*(X,GL(k)) of Cech cocycles (def. 10.20). 
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Write 


H1(X,GL(k)) = C*(X,GL(k))/ ~ 


for the resulting set of equivalence classes. This is called the Cech cohomology of xX in 


degree 1 with coefficients in GL(k). 


Proposition 10.35. (Cech cohomology computes isomorphism classes of topological 


vector bundle) 


Let X be a topological space. 


The construction of gluing a topological vector bundle from a Cech cocycle (example 10.22) 
constitutes a bijection between the degree-1 Cech cohomology of X with coefficients in 
GL(n,k) (def. 10.34) and the set of isomorphism classes of topological vector bundles on X 


(def. 10.4, remark 10.5): 
H1(X,GL(k)) —— Vect(X) ,_ 
Cc Se E(c) 


Proof. First we need to see that the function is well defined, hence that if cocycles 


C1,C € C*(X,GL(k)) are related by a coboundary, c, ~ c, (def. 10.31), then the vector bundles 


E(c,) and E(c,) are related by an isomorphism. 


Let {V, < X} 


aceA 


¥(a)!Vq 
defined, with refining functions ¢:A > 1 and ¢':A >I’. Let {R" Ss E(cx) | and 
= Va 


aca 


Yor (a) | a 7 ed : 

{Ve i aos E(cz) ve} be the corresponding restrictions of the canonical local 
aca 

trivilizations of the two glued bundles. 

For a € A define 


yp lv 
Va Xk” 19@ Va E(a)ly, 


fg = W'G1(@ vq °Ka? Wpalyg) sence: “#4 Ve 
Va Xk” rare) Wa) E(ely, 
Observe that for a,8 € A and x EV, NVzg the coboundary condition implies that 
Falvanvg = Felvanvg 


because in the diagram 


g (x) Va) (ecg) 7) 
yn 20@)98) 4” pn Po@ E(c1), (8) An 
wa): | VEO = ka) | 2! [Ba 
k"™ ——____,, k" yr (x) (wr ) 4x) 
I pr(apr(p) k” hak 2a ae E(c2), ee k™ 


the vertical morphism in the middle on the right is unique, by the fact that all other 
morphisms in the diagram on the right are invertible. 


Therefore by example 6.29 there is a unique vector bundle homomorphism 


be the open cover with respect to which the coboundary {x,y:V_ > GL(n,k)}, is 
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f + B(c1) > Ea) 


given for all ae A by fly, =f ,. Similarly there is a unique vector bundle homomorphism 


i : E(c2) > E(c,) 


given for all ae A by fe 7 ae Hence this is the required vector bundle isomorphism. 


Finally to see that the function from Cech cohomology classes to isomorphism classes of 
vector bundles thus defined is a bijection: 


By prop. 10.24 the function is surjective, and by prop. 10.33 it is injective. 


Properties 


We discuss some basic general properties of topological vector bundles. 


Lemma 10.36. (homomorphism of vector bundles is isomorphism as soon as it is a 
fiberwise isomorphism) 


Let [E, > X] and [E, — X] be two topological vector bundles (def. 10.4). 


If a homomorphism of vector bundles f:E, — E, restricts on the fiber over each point to a 
linear isomorphism 


fle : Edy > E2), 
then f is already an isomorphism of vector bundles. 


Proof. It is clear that f has an inverse function of underlying sets f *:£, > E, which is a 
function over X: Over each x € X it it the linear inverse fl): (E2), (Es) ye 


What we need to show is that this is a continuous function. 


By remark 10.7 we find an open cover {U; ¢ X},_, over which both bundles have a local 
trivialization. 


o} $7 
U>Edly,f and US Edly, ft - 
iel ie] 


Restricted to any patch i €/ of this cover, the homomorphism fly, induces a homomorphism 
of trivial vector bundles 


i 
i 


¢ 
UxXk™ > (Ex) ly, 
fi =o; tof od; fil yu. 


Upxk™ > (aly, 
j 


2 
i 


aca 


Also the f, are fiberwise invertible, hence are continuous bijections. We claim that these are 
homeomorphisms, hence that their inverse functions (f;,) ~t are also continuous. 


To this end we re-write the f, a little. First observe that by the universal property of the 
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product topological space and since they fix the base space U;, the f; are equivalently given 
by a continuous function 


h; : U; x k"™— k” 
as 
fv) = (hil v)) . 


Moreover since k” is locally compact (as every metric space), the mapping space adjunction 


says (by prop. 8.45) that there is a continuous function 
h; : U; > Maps(k”, k”) 


(with Maps(k",k") the set of continuous functions k” > k" equipped with the compact-open 
topology) which factors h; via the evaluation map as 


n ixidyn n 7,n nVoin 
h, : Uj xX k= —> Maps(k’,k)xk° > k’. 


By assumption of fiberwise linearity the functions h; in fact take values in the general linear 
rou 


GL(n, k) C Maps(k", k”) 


and this inclusion is a homeomorphism onto its image (by this prop.). 


Since passing to inverse matrices 
(-)* : GL(1,k) @ GL(m,k) 
is a rational function on its domain GL(n, k) ¢ Mat,» (k) = k®” inside Euclidean space and 


since rational functions are continuous on their domain of definition, it follows that the 
inverse of f; 


id, hj idx(-)~* id 
(ft: Ux k" 8 U, xk" GL, ) 5 U, x k" x GLH, ) 33 Ux ke 


is a continuous function. 


To conclude that also f * is a continuous function we make use prop. 10.24 to find an 
isomorphism between £, and a quotient topological space of the form 


a : n 
ee cz ee {i}, jer) 
Hence f * is equivalently a function on this quotient space, and we need to show that as 


such it is continuous. 


By the universal property of the disjoint union space (the coproduct in Top) the set of 
continuous functions 


re he n bi 
{U;xk —U;,xk mt Ba heny 


corresponds to a single continuous function 


CA ae ae LW Uixk™ > E, . 
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These functions respect the equivalence relation, since for each x € U; NU; we have 
Ey 168 


FMD = Of MED gy@W) — since: FE AIT 


U; x k” ee alu,au; U; x k” 
i 


ed 
(o7)* 


Therefore by the universal property of the quotient topological space F,, these functions 
extend to a unique continuous function E, > FE, such that the following diagram commutes: 


uu, x an Geefi ier fp 
Fae tee | 1 
LEL 

J 73! 

Ey 


This unique function is clearly f~* (by pointwise inspection) and therefore f~* is 
continuous. ff 


Example 10.37. (fiberwise linearly independent sections trivialize a vector bundle) 
If a topological vector bundle E — X of rank n admits n sections (example 10.9) 
{Ox :X— ee 


that are linearly independent at each point x € X, then £ is trivializable (example 10.8). In 
fact, with the sections regarded as vector bundle homomorphisms out of the trivial vector 
bundle of rank n (according to example 10.9), these sections are the trivialization 


(O4,°°5On) 1 (XXkK™ SE. 


This is because their linear independence at each point means precisely that this morphism 
of vector bundles is a fiber-wise linear isomorphism and therefore an isomorphism of 
vector bundles by lemma 10.36. 


(...) 


11. Manifolds 


A topological manifold is a topological space which is locally homeomorphic to a Euclidean 

space (def. 11.7 below), but which may globally look very different. These are the kinds of 
topological spaces that are really meant when people advertise topology as “rubber-sheet 

geometry”. 


If the gluing functions which relate the Euclidean local charts of topological manifolds to each 
other are differentiable functions, for a fixed degree of differentiability, then one speaks of 
differentiable manifolds (def 11.12 below) or of smooth manifolds if the gluing functions are 
arbitrarily differentiable. 


Accordingly, a differentiable manifold is a space to which the tools of infinitesimal analysis 
may be applied /ocal/ly. In particular we may ask whether a continuous function between 
differentiable manifolds is differentiable by computing its derivatives pointwise in any of the 
Euclidean coordinate charts. This way differential and smooth manifolds are the basis for 


what is called differential geometry. (They are the analogs in differential geometry of what 
schemes are in algebraic geometry. ) 
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Basic examples of smooth manifolds are the n-spheres (example 11.19 below), the 


projective spaces (example 11.25 below). and the general linear group (example 11.23) 
below. 


The definition of topological manifolds (def. 11.7 below) involves two clauses: The conceptual 
condition is that a manifold is locally Euclidean topological space (def. 11.1 below). On top of 
this one demands as a technical regularity condition paracompact Hausdorffness, which 
serves to ensure that manifolds behave well. Therefore we first consider locally Euclidean 
spaces in themselves. 


Definition 11.1. (locally Euclidean topological space) 


A topological space X is locally Euclidean if every point x € X has an open neighbourhood 
U, > {x} which, as a subspace (example 2.17), is homeomorphic (def. 3.22) to the 
Euclidean space R” (example 1.6) with its metric topology (def. 2.10): 


R"—> U, CX. 


The “local” topological properties of Euclidean space are inherited by locally Euclidean 
spaces: 


Proposition 11.2. (locally Euclidean spaces are T,-separated, sober, locally 
compact, locally connected and locally path-connected topological spaces 


Let X be a locally Euclidean space (def. 11.1). Then 


1. X satisfies the T, separation axiom (def. 4.4); 


2. X is sober (def. 5.1); 


3. X is locally compact in the weak sense of def. 8.42. 


4. X is locally connected (def. 7.17), 


5. X is locally path-connected (def. 7.28). 


Proof. Regarding the first statement: 


Let x # y be two distinct points in the locally Euclidean space. We need to show that there is 
an open neighbourhood U,. around x that does not contain y. 


By definition, there is a Euclidean open neighbourhood rs U, ¢ X around x. If U, does not 
contain y, then it already is an open neighbourhood as required. If U, does contain y, then 

’ (x) # ¢ *(y) are equivalently two distinct points in R”. But Euclidean space, as every 
metric space, is T; (example 4.8, prop. 4.5), and hence we may find an open neighbourhood 
Vg-tey © R” not containing ¢~*(y). By the nature of the subspace topology, OV 5-14) CX is 
an open neighbourhood as required. 


Regarding the second statement: 
We need to show that the map 


Cl({-}) : X > IrrClSub(xX) 


that sends points to the topological closure of their singleton sets is a bijection with the set 
of irreducible closed subsets. By the first statement above the map is injective (via lemma 
4.11). Hence it remains to see that every irreducible closed subset is the topological closure 
of a singleton. We will show something stronger: every irreducible closed subset is a 
singleton. 


Let P c X be an open proper subset such that if there are two open subsets U,,U, ¢ X with 
U,NU, cP then U, cP or U, cP. By prop 2.35) we need to show that there exists a point 
x € X such that P = X \ {x} it its complement. 


Now since P c X is a proper subset, and since the locally Euclidean space X is covered by 
Euclidean neighbourhoods, there exists a Euclidean neighbourhood nS Uc X such that 
PMU CU is a proper subset. In fact this still satisfies the condition that for U,,U, Ae U then 


U,NU, < PNU implies U; c PNU or Uz C PNU. Accordingly, by prop. 2.35, it follows that 
R"\ @ ‘(PNU) is an irreducible closed subset of Euclidean space. Sine metric spaces are 
sober topological space as well as T,-separated (example 4.8, prop. 5.3), this means that 
there exists x € R" such that @ *(PNU) = R" \ {x}. 


In conclusion this means that the restriction of an irreducible closed subset in X to any 
Euclidean chart is either empty or a singleton set. This means that the irreducible closed 
subset must be a disjoint union of singletons that are separated by Euclidean 
neighbourhoods. But by irreducibiliy, this union has to consist of just one point. 


Regarding the third statement: 


Let x € X be a point and let U, > {x} be an open neighbourhood. We need to find a compact 
neighbourhood K, ¢c U,. 


By assumption there exists a Euclidean open neighbourhood nS V, ¢ X. By definition of the 


subspace topology the intersection U,V, is still open as a subspace of V, and hence 
@ ‘(Uz NAV,) is an open neighbourhood of @ *(x) € R". 


Since Euclidean spaces are locally compact (example 8.38), there exists a compact 
neighbourhood K g-t—) © R” (for instance a sufficiently small closed ball around x, which is 


compact by the Heine-Borel theorem, prop. 8.27). Now since continuous images of compact 
spaces are compact prop. 8.11, it follows that also (K) c X is a compact neighbourhood. 


Regarding the last two statements: 


We need to show that for every point x € X and every [neighbourhood there exists a 
neighbourhood which is connected and a neighbourhood which is path-connected. ] 


By local Euclideanness there exists a chart R” s V, ¢ X. Since Euclidean space is locally 


connected and locally path-connected (def. 7.23), there is a connected and a path-connected 
neighbourhood of the pre-image @ *(x) contained in the pre-image @ *(U,NV,). Since 
continuous images of connected spaces are connected (prop. 7.5), and since continuous 
images of path-connected spaces are path-connected (prop. 7.25), the images of these 
neighbourhoods under ¢ are neighbourhoods of x as required. 


It follows immediately from prop. 11.2 via prop. 7.32 that: 
Proposition 11.3. (connected locally Euclidean spaces are path-connected) 


For a locally Euclidean space (X,t) (def. 11.1) the connected components (def. 7.8) 
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coincide with the path-connected components (def. 7.23). 


But the “global” topological properties of Euclidean space are not generally inherited by 
locally Euclidean spaces. This sounds obvious, but notice that also Hausdorff-ness is a “global 
property”: 


Remark 11.4. (locally Euclidean spaces are not necessarily T,) 


It might superficially seem that every locally Euclidean space (def. 11.1) is necessarily a 
Hausdorff topological space, since Euclidean space, like any metric space, is Hausdorff, and 
since by definition the neighbourhood of every point in a locally Euclidean spaces looks like 
Euclidean space. 


But this is not so, see the counter-example 11.5 below, Hausdorffness is a “non-local 
condition”, as opposed to the T, and T, separation axioms. 


Nonexample 11.5. (non-Hausdorff locally Euclidean spaces) 


An example of a locally Euclidean space (def. 11.1) which is a non-Hausdorff topological 
space, is the line with two origins (example 4.3). 


Therefore we will explicitly impose Hausdorffness on top of local Euclidean-ness. This implies 
the equivalence of following further regularity properties: 


Proposition 11.6. (equivalence of regularity conditions for locally Euclidean 
Hausdorff spaces) 


Let X be a locally Euclidean space (def. 11.1) which is Hausdorff (def. 4.4). 


Then the following are equivalent: 


1. X is sigma-compact (def. 9.8). 


2. X is second-countable (def. 9.6). 


3. X is paracompact (def. 9.3) and has a countable set of connected components (def. 
7.8). 


Proof. First, observe that X is locally compact in the strong sense of def. 8.35: By prop. 11.2 
every locally Euclidean space is locally compact in the weak sense that every neighbourhood 
contains a compact neighbourhood, but since X is assumed to be Hausdorff, this implies the 
stronger statement by prop. 8.43. 


1) => 2) 


Let X be sigma-compact. We show that then X is second-countable: 


By sigma-compactness there exists a countable set {K; c X},_, of compact subspaces. By X 


being locally Euclidean, each K; admits an open cover by restrictions of Euclidean spaces. By 
their compactness, each kK; has a subcover 


i,j 
gti 
{RY > XS iey, 


with J, a finite set. Since countable unions of countable sets are countable, we have obtained 


i,j ; ; : 
a countable cover of X by Euclidean spaces {R” —3 x} Now Euclidean space itself is 


ieL jes; " 


second countable (by example 9.7), hence admits a countable set 6,.n of base open sets. As 
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a result the union Y, %:; Bar) is a base of opens for X. But this is a countable union of 

Jeli 
countable sets, and since countable unions of countable sets are countable we have obtained 
a countable base for the topology of X. This means that X is second-countable. 


1)=>3) 


Let X be sigma-compact. We show that then X is paracompact with a countable set of 
connected components: 


Since locally compact and sigma-compact spaces are paracompact (prop. 9.12), it follows 
that X is paracompact. By local connectivity (prop. 11.2) X is the disjoint union space of its 
connected components (def. 7.17, lemma 7.18). Since, by the previous statement, X is also 
second-countable it cannot have an uncountable set of connected components. (Because 
there must be at least one base open contained in every connected component.) 


2)=> 1) Let X be second-countable, we need to show that it is sigma-compact. 


This follows since locally compact and second-countable spaces are sigma-compact (lemma 
9.10). 


3)=>1) 


Now let X be paracompact with countably many connected components. We show that X is 
sigma-compact. 


By local compactness, there exists an open cover {U; ¢ X},_, such that the topological 
closures {K; = Cl(U;) ¢ X},., constitute a cover by compact subspaces. By paracompactness 


there is a locally finite refinement of this cover. Since paracompact Hausdorff spaces are 
normal (prop. 9.26), the shrinking lemma applies (lemma 9.31) to this refinement and yields 
a locally finite open cover 


VE VjoX., 


as well as a locally finite cover {Cl(V;) Xiey by closed subsets. Since this is a refinement of 
the orignal cover, all the Cl(V;) are contained in one of the compact subspaces K;. Since 
subsets are closed in a closed subspace precisely if they are closed in the ambient space 


(lemma 2.31), the Cl(V;) are also closed as subsets of the K;. Since closed subsets of 
compact spaces are compact (lemma 8.24) it follows that the Cl(V;) are themselves compact 
and hence form a locally finite cover by compact subspaces. 


Now fix any j, € J. 


We claim that for every j € J there is a finite sequence of indices (j,,j,,- jj, = Jj) with the 
property that Vi, AVi,,, #0 for all k € {0,--,n}. 


To see this, first observe that it is sufficient to show sigma-compactness for the case that X is 
connected. From this the general statement follows since countable unions of countable sets 
are countable. Hence assume that X is connected. It follows from prop. 11.3 that X is path- 
connected. 


Hence for any x EV; and y eV, there is a path y:[0,1] > X (def. 7.21) connecting x with y. 
Since the closed interval is compact (example 8.6) and since continuous images of compact 
spaces are compact (prop. 8.11), it follows that there is a finite subset of the V; that covers 
the image of this path. This proves the claim. 
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It follows that there is a function 
f:V—-N 
which sends each V, to the minimum natural number n as above. 


We claim now that for all n € N the preimage of {0,1,---,n} under this function is a finite set. 
Since countable unions of countable sets are countable this means that f serves as a 
countable enumeration of the set J and hence implies that {Cl(V;) c X},_, is a countable cover 
of X by compact subspaces, hence that X is sigma-compact. 


jeJ 


We prove this last claim by induction. It is true for n = 0 by construction, since f *({0}) = Vig: 


Assume it is true for some n EN, hence that f *({0,1,---,n}) is a finite set. Since finite unions 
of compact subspaces are again compact (example 8.8) it follows that 


K, = U Cl(V) 
vef *({0,,n}) 


is compact. By local finiteness of the {AV bey every point x € K, has an open 
neighbourhood W,, that intersects only a finite set of the Cl(V;). By compactness of K,, the 


cover {Wy Knrgi € Kibvek, has a finite subcover. In conclusion this implies that only a finite 


number of the V; intersect K,. 


Now by definition f ~*({0, 1,--,n + 1}) is a subset of those V,; which intersect K,, and hence 
itself finite. I 


This finally gives a good idea of what the definition of topological manifolds should be: 


Definition 11.7. (topological manifold) 


A topological manifold is a topological space which is 


1. locally Euclidean (def. 11.1), 


2. paracompact Hausdorff (def. 4.4, def. 9.3). 


If the Euclidean neighbourhoods R” 5 U,. c X of the points x € X are all of dimension n for 
some nEN, then the topological manifold is said to be of dimension n, too. Sometimes one 
also speaks of an “n-fold” in this case. 


Remark 11.8. (varying terminology regarding “topological manifold”) 


Often a topological manifold (def. 11.7) is required to be second-countable (def. 9.6) or 
sigma-compact (def. 9.8). But by prop. 11.6 both conditions are implied by def. 11.7 as 
soon as there is a countable set of connected components. Manifolds with uncountably 
many connected components are rarely considered in practice. The restriction to countably 
many connected components is strictly necessary for several important theorems (beyond 
the scope of our discussion here) such as: 


1. the Whitney embedding theorem; 


2. the embedding of smooth manifolds into formal duals of R-algebras. 


Besides the trivial case of Euclidean spaces themselves, we discuss here three main classes 
of examples of manifolds: 


1. n-spheres S” (example 11.19 below) 
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2. projective spaces kP” (example 11.25 below) 


3. general linear groups GL(n,k) (example 11.23) below. 


Since all these examples are not just topological manifolds but naturally carry also the 
structure of differentiable manifolds, we first consider this richer definition before turning to 
the examples: 


Definition 11.9. (local chart, atlas and gluing function) 


Given an n-dimensional topological manifold xX (def. 11.7), then 


1. An open subset Uc X anda Abstract set M 


(not necessarily in R’) 


homeomorphism @¢:R” —> U from 
the n-dimensional Euclidean space 
is also called a /oca/ coordinate 
chart of X. 


2. An open cover of X by local charts 
{rr S Uc x| is called an atlas of 


tel 
the topological manifold. 


3. Given such an atlas then for each 
i,j € 1 the induced homeomorphism 


1 


o; OF am 
R"> — $; *(U;NU;) —9 U; NU; —> $, *(UiNU;) CR" 


is called the coordinate transformation or gluing function from chart i to chart j. 


graphics grabbed from Frankel 


Next we consider the case that the gluing functions of a topologiclal manifold are 
differentiable functions in which case one speaks of a differentiable manifold (def. 11.12 
below). For convenience we first recall the definition of differentiable functions between 
Euclidean spaces: 


Definition 11.10. (differentiable functions between Euclidean spaces) 


Let n € N and let U c R” be an open subset of Euclidean space (example 1.6). 


Then a function f : U — Ris called differentiable at x € U if there exists a linear map 
df ,,:IR" > R such that the following limit exists and vanishes as h approaches zero “from all 
directions at once”: 


_ fath) —f@) — df, (rh) 
lim =0. 
ho Ilhll 
This means that for all e € (0,«) there exists an open neighbourhood V,, € U of x such that 
faeth)-f@)-af,@ 
(|All 


whenever x +h €V we have <e 

We say that f is differentiable on a subset S of U if f is differentiable at every x € S, and we 
say that f is differentiable if f is differentiable on all of U. We say that f is continuously 
differentiable if it is differentiable and df is a continuous function. 


The function df, is called the derivative or differential of f at x. 
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More generally, let n,,n. € N and let U C R™ be an open subset. 


Then a function f : U — R™ is differentiable if for all i € {1,---,n.} the component function 
f,:USR™3R 
is differentiable in the previous sense 
In this case, the derivatives df,:IR" > R of the f, assemble into a linear map of the form 
df, : R23R™. 
If the derivative exists at each x € U, then it defines itself a function 
df : U — Hom,(R™, R”™) = R™1 "2 


to the space of linear maps from R™ to R”2, which is canonically itself a Euclidean space. 
We say that f is twice continuously differentiable if df is continuously differentiable. 


Generally then, for k € N the function f is called k-fold continuously differentiable or of 
class C* if for all j < k the j-fold differential d’/f exists and is a continuous function. 


Finally, if f is k-fold continuously differentiable for all k € N then it is called a smooth 
function or of class C®. 


Of the various properties satisfied by differentiation, the following plays a special role in the 
theory of differentiable manifolds (notably in the discussion of their tangent bundles, def. 
11.34 below): 


Proposition 11.11. (chain rule for differentiable functions between Euclidean 


spaces) 


Let ny,n2,n3 € N and let 
R™1 J, pm 4, R"™3 


be two differentiable functions (def. 11.10). Then the derivative of their composite is the 
composite of their derivatives: 


(9° Py = 1 pe Uy » 
Definition 11.12. (differentiable manifold and smooth manifold) 


For p EN U {co} then a p-fold differentiable manifold or C?-manifold for short is 


1. a topological manifold x (def. 11.7); 


2. an atlas {R” Bs X} (def. 11.9) all whose gluing functions are p times continuously 
differentiable. 


A p-fold differentiable function between p-fold differentiable manifolds 


n %i f ne Vi 
X, {R" 3 U; C X},¢,) —> [VY (R™ SV CV}, 


e a continuous function f:X > Y 
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such that 


e for allie land j € J then 
n = Gi f vj a 
R"> (fog) VV) SF IV) SV, OR 


is a p-fold differentiable function between open subsets of Euclidean space. 


(Notice that this in in general a non-trivial condition even if X = Y and f is the identity 
function. In this case the above exhibits a passage to a different, but equivalent, 
differentiable atlas.) 


If a manifold is C? differentiable for all p, then it is called a smooth manifold. Accordingly a 
continuous function between differentiable manifolds which is p-fold differentiable for all p 
is called a smooth function, 


Remark 11.13. (category Diff of differentiable manifolds) 


In analogy to remark 3.3 there is a category called Diff, (or similar) whose objects are 
c?-differentiable manifolds and whose morphisms are C?-differentiable functions, for given 
p ENU {00}, 


The analog of the concept of homeomorphism (def. 3.22) is now this: 


Definition 11.14. (diffeomorphism) 


Given smooth manifolds X and Y (def. 11.12), then a smooth function 


f:x—Y 


is called a diffeomorphism, if there is an inverse function 


X—Y:g 


which is also a smooth function (hence if f is an isomorphism in the category Diff,. from 
remark 11.13). 


Remark 11.15. (basic properties of diffeomorphisms) 


Let X,Y be differentiable manifolds (def. 11.12). Let 


f:X —~Y 


be a diffeomorphisms (def. 11.14) with inverse differentiable function 


G:iY>X. 
Then: 


1. f is in particular a homeomorphism (def. 3.22) between the underlying topological 
spaces. 


Because, by definition, f is in particular a continuous function, as is its inverse 
function g. 


2. The derivative (def. 11.10) df of takes values in invertible linear maps, i.e. 
af ,:T,X > TrgX is a linear isomorphsm for all x € X. 


This is because by the chain rule (prop. 11.11) the defining equations 
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gof =idy feg=idy 
imply that 
WG roe ° Af, = A(idy), = id, x Af © dG pi) = Ady) poy = ide pany - 


Beware that just as with homeomorphisms (counter-example 3.25) a differentiable bijective 


function of underlying sets need not be a diffeomorphism, see example 11.18 below. 


It is important to note that while being a topological manifold is just a property of a 
topological space, a differentiable manifold carries extra structure encoded in the atlas: 


Definition 11.16. (smooth structure) 


Let X be a topological manifold (def. 11.7) and let 


(R" a ae x) and (e" SVjc x) 
tel jeJ 


be two atlases (def. 11.9), both making X into a smooth manifold (def. 11.12). 


Then there is a diffeomorphism (def. 11.14) of the form 


0; vj 
s(x, (mn Suex) ) (x, (w vex) 
7 iel 7 ei 


precisely if the identity function on the underlying set of X constitutes such a 
diffeomorphism. (Because if f is a diffeomorphism, then also f*o f =idy isa 
diffeomorphism.) 


That the identity function is a diffeomorphism between X equipped with these two atlases 
means, by definition 11.12, that 


$; wt 
ne Cac = Vj ~>R" is smooth ; 
Jes 


Notice that the functions on the right may equivalently be written as 


n -1 >; vj : -1 n 
R 2 ¢; (U;NU;) SU;AV;— yp, (U; NV;) CR 
showing their analogy to the gluing functions within a single atlas (def. 11.9). 


Hence diffeomorphism induces an equivalence relation on the set of smooth atlases that 
exist on a given topological manifold X. An equivalence class with respect to this 
equivalence relation is called a smooth structure on X. 


Now we finally discuss examples of manifolds. 
Example 11.17. (Cartesian space as a smooth manifold) 


For n € N then the Cartesian space R” equipped with the atlas consisting of the single chart 


peo) 
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is a smooth manifold, in particularly a p-fold differentiable manifold for every p EN 
according to def. 11.12. 


178 
Similarly the open disk D" becomes a smooth manifold when equipped with the atlas 


whose single chart is the homeomorphism R” > D”. from example 3.28. 


Counter-Example 11.18. (bijective smooth function which is not a diffeomorphism) 


Regard the real line R* as a smooth manifold via example 11.17. Consider the function 


R! — R? 


x pp x3 


This is clearly a smooth function and its underlying function of sets is a bijection. 


But it is not a diffeomorphism (def. 11.14): The derivative vanishes at x = 0, and hence it 
cannot be a diffeomorphism by remark 11.15. 


Example 11.19. (n-sphere as a smooth manifold) 


For alln EN, the n-sphere 5S” becomes a smooth manfold, with atlas consisting of the two 
local charts that are given by the inverse functions of the stereographic projection from the 
two poles of the sphere onto the equatorial hyperplane 


ovl 
R" —> s” 
~ ie{+,} 


By the formula given in the proof of prop. 3.33 the induced gluing function 
R" \ {0} > R” \ {0} are rational functions and hence smooth functions. 


Finally the n-sphere is a paracompact Hausdorff topological space. Ways to see this 
include: 


1. 5S" c R™*? is a compact subspace by the Heine-Borel theorem (prop. 8.27). Compact 
spaces are also paracompact (example 9.4). Moreover, Euclidean space, like any 
metric space, is Hausdorff (example 4.8), and subspaces of Hausdorff spaces are 
Hausdorff; 


2. The n-sphere has the structure of a CW-complex (example 6.31) and CW-complexes 
are paracompact Hausdorff spaces (example 9.24). 


Remark 11.20. (exotic smooth structure) 


The constructions in example 11.17 and 11.19 define smooth structures (def. 11.16) on 
the topological spaces underlying the Euclidean spaces R” and the n-spheres S”. These are 
clearly the standard smooth structures that are used by default whenever these spaces are 
used in differential geometry, since the beginning of the topic in the work by Gauss 1827. 


But since being a smooth manifold is extra structure on a topological space (as opposed to 
being a topological manifold, which is just extra property) it makes sense to ask whether 
R” and S” admit other smooth structures besides these standard ones. Remarkably, they 
do, for special values of the dimension n. These are called exotic smooth structures. Here 
are some results: 


In dimension < 3 there are no exotic smooth structures: Two smooth manifolds of 
dimension <3 are diffeomorphic (def. 11.14) as soon as their underlying topological space 
are homeomorphic (def. 3.22). 


For n€ N with n # 4 there is a unique smooth structure on the Euclidean space R” (the 
standard one from example 11.17). 


There are uncountably many exotic smooth structures on Euclidean 4-space R‘*. 
For each neEN, n=5 there is a finite set of smooth structures on the n-sphere S”. 
It is still unknown whether there is an exotic smooth structure on the 4-sphere $*. 


The only n-spheres with no exotic smooth structure in the range 5<n< 61 areS°, S°, S$”, 
°° and S°*, 


For more on all of this see at exotic smooth structure. 


Example 11.21. (open subsets of differentiable manifolds are again differentiable 
manifolds) 


Let X be a k-fold differentiable manifold (def. 11.12) and let S c X be an open subset of the 
underlying topological space (X,1). 


Then S carries the structure of a k-fold differentiable manifold such that the inclusion map 
So X is an open embedding of differentiable manifolds. 


Proof. Since the underlying topological space of X is locally connected (prop. 11.2) it is the 
disjoint union space of its connected components (def. 7.17, lemma 7.18). 


Therefore we are reduced to showing the statement for the case that X has a single 
connected component. By prop. 11.6 this implies that X is second-countable topological 


space. 


Now a subspace of a second-countable Hausdorff space is clearly itself second countable and 
Hausdorff. 


Similarly it is immediate that S is still locally Euclidean: since X is locally Euclidean every 
point x € Sc X has a Euclidean neighbourhood in X and since S is open there exists an open 
ball in that (itself homeomorphic to Euclidean space) which is a Euclidean neighbourhood of x 
contained in S. 


For the differentiable structure we pick these Euclidean neighbourhoods from the given atlas. 
Then the gluing functions for the Euclidean charts on S are k-fold differentiable follows since 
these are restrictions of the gluing functions for the atlas of X. 


Example 11.22. (coordinate transformations are diffeomorphisms) 


tel 


Let (x.{nn 4 U;,C x| be a differentiable manifold (def. 11.12). By example 11.21 for all 
i,j € I the open subsets 
$; (U;NU;) CR” 


canonically are diffrentiable manifolds themselves. By definition of differentiable manifolds, 
the coordinate transformation functions 


-1 


-1 Pi %j -1 


and 
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-1 ?; Oi 4 


both are differentiable functions. Moreover they are bijective functions by assumption and a 


by construction. This means that they are diffeomorphisms (def. 11.14). 


Example 11.23. (general linear group as a smooth manifold) 


For n EN, the general linear group Gl(n,R) (example 9.18) is a smooth manifold (as an 
open subspace of Euclidean space GL(n,R) ¢ Mat,,,(R) =~ R®”, via example 11.21 and 
example 11.17). 


The group operations, being polynomial functions, are clearly smooth functions with 
respect to this smooth manifold structure, and thus GL(n, R) is a Lie group. 


Next we want to show that real projective space and complex projective space (def. 10.11) 
carry the structure of differentiable manifolds. To that end first re-consider their standard 


open cover (def. 10.13). 


Lemma 11.24. (standard open cover of projective space is atlas) 


The charts of the standard open cover of projective space, from def. 10.13 are 
homeomorphic to Euclidean space k”. 


Proof. If x; #0 then 


and the representatives of the form on the right are unique. 
This means that 
R" pa U; 
(MaMa Mega Ang) 0 [Xpreerdieix, +1] 
is a bijection of sets. 


To see that this is a continuous function, notice that it is the composite 


R"**\ {x; = 0} 
i - 4 
R” —_— U; 
Gj 
of the function 
n $j n+1 
R > RR \{x = 0} 


(Xp Xa Xiga ty Xng1) PF pe Le xn +1) 


with the quotient projection. Now $, is a polynomial function and since polynomials are 


continuous, and since the projection to a quotient topological space is continuous, and since 
composites of continuous functions are continuous, it follows that ¢, is continuous. 


It remains to see that also the inverse function o; is continuous. Since 


-1 


?; 
R"*1\ {x =0} —- U; — R” 


x4 Xi-1 *i+1 Xn+1 
(4)-, ptt ) 181 


(X%4,°°) X41) aed Xi ~j? xy Xj 


is a rational function, and since rational functions are continuous, it follows, by nature of the 
quotient topology, that ¢, takes open subsets to open subsets, hence that o; is 


continuous. §f 
Example 11.25. (real/complex projective space is smooth manifold) 


For k € {R, C} the topological projective space kP” (def. 10.11) is a topological manifold (def. 
11.7). 


Equipped with the standard open cover of def. 10.13 regarded as an atlas by lemma 11.24, 
it is a differentiable manifold, in fact a smooth manifold (def. 11.12). 


Proof. By lemma 11.24 kP” is a locally Euclidean space. Moreover, kP” admits the structure 
of a CW-complex (this prop. and this prop.) and therefore it is a paracompact Hausdorff 
space since CW-complexes are paracompact Hausdorff spaces. This means that it is a 
topological manifold. 


It remains to see that the gluing functions of this atlas are differentiable functions and in fact 
smooth functions. But by lemma 11.24 they are even rational functions. 


A differentiable vector bundle is defined just as a topological vector bundle (def. 10.4) only 
that in addition all structure is required to be differentiable: 


Definition 11.26. (differentiable vector bundle) 


Let k be a “differentiable field”, specifically k € {R,C} so that k” is equipped with the 
canonical differentiable sructure from example 11.17. 


Given a differentiable manifold X (def. 11.12), then a differentiable k-vector bundle over X 
of rank k is 


1. a differentiable manifold £; 


2. a differentiable function EF > Xx (def. 11.12) 


3. the structure of a k-vector space on the fiber m~1({x}) for all x EX 


such that there exists 


i ‘ ‘ ; : 
1. an open cover of X {R° > },,, by open subsets diffeomorphic to Euclidean space with 


its canonica smooth structure from example 11.17 (hence an atlas exhibiting the 
smooth structure of X) 


2. for each i € 1 a differentiable function as on the top of this diagram 


R¢ x k” = E| ly, 


jerry » “ally, 


U; 


which makes this diagram commute and which is fiber-wise a linear map. 


A homomorphism between differentiabe vector bundles [E, = X] and [E, = X] over the 
same base differentiable manifolds is a differentiable function as in the top of the following 
diagram 


;_ 2 & 


which makes this diagram commute and which restricts to a linear map 
fy : (F,),. <= (Ez), 
on the fiber over each point x € X. 


More generally, if [E, - X,] and [F, 3 X,| are differentable vector bundles over possibly 


different differentiable base manifolds, then a homomorphism is a differentiable function 
f:E, > E, together with a differentiable function f:x — Y that make the diagram 


commute and such that 
tf, Ex, (Ex) rex) 
is a linear map for all x EX. 
This yields a category (remark 3.3) whose 
e objects are the differentiable vector bundles; 
e morphisms are the homomorphisms between these. 
We write Vect(Diff) for this category. 


Underlying a differentiable vector bundle, is a topological vector bundle (def. 10.4). This 
yields a forgetful functor 


U : Vect(Diff) — Vect(Top) 


to the category of topological vector bundles from remark 10.5. 


Tangent bundles 


Since differentiable manifolds are locally Euclidean spaces whose gluing functions respect the 
infinitesimal analysis on Euclidean space, they constitute a globalization of infinitesimal 
analysis from Euclidean space to more general topological spaces. In particular a 
differentiable manifold has associated to each point a tangent space of vectors that linearly 
approximate the manifold in the infinitesimal neighbourhood of that point. The union of all 
these tangent spaces is called the tangent bundle of the differentiable manifold, an example 
of a topological vector bundle. 
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The sections of a tangent bundle are therefore a choice of 
tangent vector for each point of a manifold, variying 
continuously or in fact diffrentiably. Such a “field” of tangent 
vectors is called a tangent vector field. 


One may think of this as specifying a direction along the 
manifold at each point, and accordingly tangent vector fields 
integrate to groups of diffeomorphisms that “flow along 
them”. Such flows of tangent vector fields are the basic tool 
in differential topology. 


Finally the tangent bundle, via the frame bundle that is associated to it, is the basis for all 
actual geometry: By equipping tangent bundles with (torsion-free) “G-structures” one 
encodes all sorts of flavors of geometry, such as Riemannian geometry, conformal geometry, 
complex geometry, symplectic geometry, and generally Cartan geometry. This is the topic of 
differential geometry proper. 


Definition 11.27. (tangency relation on differentiable curves) 


Let X be a differentiable manifold of dimension n (def. 11.12) and let x € X be a point. On 
the set of smooth functions of the form 


y: Rix 
such that 
y(0) =x 


define the relations 


ds, dy 
ual? Lae (4 °74)(0) = -7,)(0)) 
R™ +, u;c x 


and 


y 


oe ae 
, a Y2) = (2 °y,)(0) = wel e 1) 
cx 


Vv 
ni chart 
RU; 

Uj, > {x} 
saying that two such functions are related precisely if either there exists a chart (def. 11.9) 
around x such that (or else for all charts around x it is true that) the first derivative of the 


two functions regarded via the given chart as functions R' > R”, coincide at t = 0 (with t 
denoting the canonical coordinate function on R). 


Lemma 11.28. (tangency is equivalence relation) 


The two relations in def. 11.27 are equivalence relations and they coincide. 


Proof. First to see that they coincide, we need to show that if the derivatives in question 
we, ‘ di ic ‘ oj 
coincide in one chart R” > U; c X, that then they coincide also in any other chart R” = U;c kd. 


For brevity, write 


Uj = U;, NU; 
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for the intersection of the two charts. 


First of all, since the derivative may be computed in any open neighbourhood around t = 0, 
and since the differentiable functions y, are in particular continuous functions, we may 
restrict to the open neighbourhood 


Vi=yz*(Uiy) Nyz*Uiy) © R 
of 0 € R and consider the derivatives of the functions 
Yn = (7 "lay °Yaly) V9; Uy) € R" 
and 
Yn = (Bj ly °Ymly) 2 ¥ >; Uy) ER”. 


But then by definition of the differentiable atlas, there is the differentiable gluing function 


-1 >; ?j : -1 
a= 6 Ui) > Uy > oO; Ui) 
such that 
yi =aoyi 


for n € {1,2}. The chain rule (prop. 11.11) now relates the derivatives of these functions as 


d —_ D d i 
at’” = (Da) e at’ . 


Since a is a diffeomorphism and since derivatives of diffeomorphisms are linear 
isomorphisms (by remark 11.22), this says that the derivative of y}, is related to that of y!, by 
a linear isomorphism , and hence 


Be ON fe a 
at’1~ at’? at’! ~ at’? }° 


Finally, that either relation is an equivalence relation is immediate. [J 


Definition 11.29. (tangent vector) 


Let X be a differentiable manifold and x € X a point. Then a tangent vector on X at x is an 
equivalence class of the the tangency equivalence relation (def. 11.27, lemma 11.28). 


The set of all tangent vectors at x € X is denoted T,X. 
Lemma 11.30. (real vector space structure on tangent vectors) 


For X a differentiable manifold of dimension n and x € X any point, let R” £ UcX bea chart 
(def. 11.9) of the given atlas, withx €UC X. 


Then there is induced a bijection of sets 
R" > T,X 


from the n-dimensional Cartesian space to the set of tangent vectors at x (def. 11.29) 
given by sending 7 € R™ to the equivalence class of the following differentiable curve: 
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Sip da jp 5h 
oe go oes R” U;-ex 


rjo 


t > p(x) +t > (6 1(x) + td) 


For R” S U' c X another chart of the atlas with x € U' c xX, then the linear isomorphism 
relating these two identifications is the derivative 


d(($')*° $) 4-14) € GL, R) 
of the gluing function of the two charts at the point x: 


d(($1) heb) 4 1145 


R" —_—> R" 


ee 


This is also called the transition function between the two local identifications of the 
tangent space. 


If {rns U;c x} is an atlas of the differentiable manifold X, then the set of transition 
ia iel 


functions 


= =1 7 
{g.; = d(b;*° b/g) Ui Uj > GL(m, RD} 


defined this way satisfies the normalized Cech cocycle conditions (def. 10.20) in that for all 
ijel,xEeu,nu; 


1. g,,(*) = idan; 
2. Dj © Gig) = Gig): 


Proof. The bijectivity of the map is immediate from the fact that the first derivative of 
o toy at $ (x) is 


a ore eno = <(¢ (x) + t),_, 


mats 


The formula for the transition function now follows with the chain rule (prop. 11.11): 


d((¢') *o(*(x) + (-)¥)), = AH’) *° b) 4-14 2 d(H *(X) + (-)P), - 
¢ "x 
=(8 


Similarly the Cech cocycle condition follows by the chain rule: 
Fin ij®) = Uy? Pg —1~ 2 Ub; Hg 700 
= d($,'° 0,26; ° Pd g-ra 
= db," ° b) 4-20 
= Jip 


and the normalization simply by the fact that the derivative of the identity function at any 
point is the identity linear isomorphism: 
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Gi) = d(o; * 2 bi) g~ 
= (idan) 4-1 (4) 


=idgn 


Definition 11.31. (tangent space) 


For X a differentiable manifold and x € X a point, then the tangent space of X at x is the set 
T,X of tangent vectors at x (def. 11.29) regarded as a real vector space via lemma 11.30. 


Example 11.32. (tangent bundle of Euclidean space) 


If X = R” is itself a Euclidean space, then for any two points x, y € X the tangent spaces T,X 
and T,X (def. 11.31) are canonically identified with each other: 


Using the vector space (or just affine space) structure of X = R” we may send every 
smooth function y:R —- X to the smooth function 


yoite(a—-y)ty@. 
This gives a linear bijection 
Dy yi TxX > TyX 
and these linear bijections are compatible, in that for x,y,z € R” any three points, then 


Oy 2° ey = Oy, i TeX Ty. 


Moreover, by lemma 11.30, each tangent space is identified with R” itself, and this 
identification in turn is compatible with all the above identifications: 


R” 


Ts = iy 
xy 


Therefore it makes sense to canonically identify all the tangent spaces of Euclidean space 
with that Euclidean space itself. 


In words, what this identification does is to use the additive group structure on R” to 
translate any tangent vector at any point x € R” to the corresponding tangent vector at 0. 
(Side remark: Hence this construction is not specific to R” but applies to every Lie group 
and it fact to every coset space of a Lie group.) 


As a result, the collection of all the tangent spaces of Euclidean space is naturally identified 
with the Cartesian product 


TR" = R” x R"™ 
equipped with the projection on the first factor 


TR” = R" x R" 


ptaPra 


R” 
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because then the pre-image of a singleton {x} c R” under this projection are canonically 
identified with the above tangent spaces: 


to (ape TR: 


This way, if we equip TR” = R” x R” with the product space topology, then TR” =, R" 
becomes a trivial topological vector bundle (def. 10.4). 


This is called the tangent bundle of the Euclidean space R” regarded as a differentiable 
manifold. 


Remark 11.33. (chain rule is functoriality of tangent space construction on 
Euclidean spaces) 


Consider the assignment that sends 


1. every Euclidean space R” to its tangent bundle TR” according to def. 11.32; 


2. every differentiable function f:R"1 — R”2 (def. 11.10) to the function on tangent 
vectors (def. 11.29) induced by postcomposition with f 


TR" bale TR"2 


[R?S R™] 6 [R* a R"?| 


By the chain rule (prop. 11.11) we have that the derivative of the composite curve f oy is 
d(f ev), = (Af yay) ° a 

and hence that under the identification TR” = R” x R" of example 11.32 this assignment 

takes f to its derivative 


R%xR% 4 pmey Rm 


(~V) % (f(x), df,(@)) 
Conversely, in the first form above the assignment f » f o(—) manifestly respects 


composition (and identity functions). Viewed from the second perspective this respect for 
composition is once again the chain rule (prop. 11.11) d(go f) = (df) ° (dg): 


Y TY 
fp \9 = us a9 
TX — TZ 
= wa agef 


In the language of category theory this says that the assignment 


CartSp = CartSp 


x we FX 
ie yr 
Y » TY 


is an endofunctor on the category CartSp whose 


1. objects are the Euclidean spaces R” forneéN; 
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2. morphisms are the differentiable functions between these (for any chosen 
differentiability class c* with k > 0). 


In fact more is true: By example 11.31 TX has the structure of a differentiable vector 


bundle (def. 11.26) and the function TX 4, rx is evidently a homomorphism of 
differentiable vector bundles 


Therefore the tangent bundle functor on Euclidean spaces refines to one of the form 


T : CartSp — Vect(Diff) 


to the category of differentiable vector bundles (def. 11.26). 


We may now globalize the concept of the tangent bundle of Euclidean space to tangent 
bundles of general differentiable manifolds: 


Definition 11.34. (tangent bundle of a differentiable manifold) 


Let X be a differentiable manifold (def. 11.12) with atlas {r"S U;,C x| 


tel 


Equip the set of all tangent vectors (def. 11.29), i.e. the disjoint union of the sets of 
tangent vectors 


TX = U T,X as underlying sets 
xEX 


with a topology try (def. 2.3) by declaring a subset U c TX to be an open subset precisely if 


9; : : 
for all charts R” 3 U; < X we have that its preimage under 


d 
R= R"xR" TX 


(x, V) > [th 9G“) + tP)] 


is open in the Euclidean space R2” (example 1.6) with its metric topology (example 2.10). 


Equipped with the function 


i — 2. xX 


(xv) ro x 
this is called the tangent bundle of xX. 


Equivalently this means that the tangent bundle TX is the topological vector bundle (def. 
10.4) which is glued (via example 10.22 ) from the transition functions 
94; = d(p;* © ;) 4-1) from lemma 11.30: 


TX = (u ux R)/({ao;" : beter) ) 


(Notice that, by examples 11.32, each U; x R" = TU; is the tangent bundle of the chart 
U; => R".) 
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The co-projection maps of this quotient topological space construction constitute an atlas 


dd; 
{R" = TU;,C rx} ; 189 


iel 
Lemma 11.35. (tangent bundle is differentiable vector bundle) 


If X is a (p+ 1)-times differentiable manifold, then the total space of the tangent bundle 
def. 11.34 is a p-times differentiable manifold in that 


1. (TX,trx) is a paracompact Hausdorff space; 


dd: 
2. The gluing functions of the atlas {Ren = TU; C rx} are p-times continuously 


tel 


differentiable. 


Moreover, the projection m:TX > X is a p-times continuously differentiable function. 


In summary this makes TX - X a differentiable vector bundle (def. 11.26). 


Proof. First to see that TX is Hausdorff: 


Let (x, 7), (x’, 0’) € TX be two distinct points. We need to produce disjoint openneighbourhoods 
of these points in TX. Since in particular x,x’ € X are distinct, and since X is Hausdorff, there 
exist disjoint open neighbourhoods U,, > {x} and U,, > {x'}. Their pre-images z~1(U,.) and 

nm 1(U,,) are disjoint open neighbourhoods of (x, ¥) and (x’,vectv’), respectively. 


Now to see that TX is paracompact. 


Let {U; c TX},., be an open cover. We need to find a locally finite refinement. Notice that 
is an 


m:TX > X is an open map (by example 3.16 and example 6.29) so that {z(U;) < xX} 
open cover of X. 


iel 


Q; 
Let now {R” 2 V,; < X},., be an atlas for X and consider the open common refinement 


je 


{x(U;) NV; C ae 
Since this is still an open cover of X and since X is paracompact, this has a locally finite 
refinement 

{V', e ey, 
Notice that for each j’ € J’ the product topological space V’;, x R"c R2" is paracompact (as a 
topological subspace of Euclidean space it is itself locally compact and second countable and 
since locally compact and second-countable spaces are paracompact, lemma 9.10). 
Therefore the cover 


-—1ryr ! 
{1 (V jo ia) U; cV jl x Re enen 


has a locally finite refinement 
Wey CV XRG cry - 
We claim now that 


We, . TX}, EJ jy EK jy 


is a locally finite refinement of the original cover. That this is an open cover refining the 
original one is clear. We need to see that it is locally finite. 


So let (x, V) € TX. By local finiteness of {V’;, c Meeps there is an open neighbourhood V, > {x} 
which intersects only finitely many of the V’;, c X. Then by local finiteness of (Wee, cV';,}, for 
each such j’ the point (x, 7) regarded in V’;, x R" has an open neighbourhood U;, that 
intersects only finitely many of the Wrejys Hence the intersection 2~1(V,) N (9 Up) is a finite 
intersection of open subsets, hence still open, and by construction it intersects still only a 
finite number of the Wry, ; 


This shows that TX is paracompact. 


Finally the statement about the differentiability of the gluing functions and of the projections 
is immediate from the definitions 


Proposition 11.36. (differentials of differentiable functions between differentiable 


manifolds) 


Let X and Y be differentiable manifolds and let f : X — Y be a differentiable function. Then 
the operation of postcomposition, which takes differentiable curves in X to differentiable 
curves in Y, 


Hompie(R4X) £3 Hompip (Rt Y 
Diff 


(Ri4x) (ny) 


descends at each point x € X to the tangency equivalence relation (def. 11.27, lemma 
11.28) to yield a function on sets of tangent vectors (def. 11.29), called the differential df, 


of f atx 


Moreover: 


1. (linear dependence on the tangent vector) these differentials are linear functions with 
respect to the vector space structure on the tangent spaces from lemma 11.30, def. 
11:51: 


2. (differentiable dependence on the base point) globally they yield a homomorphism of 
real differentiable vector bundles between the tangent bundles (def. 11.34, lemma 
11.35), called the global differential df of f 


df :TX TY. 


3. (chain rule) The assignment f ~ df respects composition in that for x, Y, Z three 
differentiable manifolds and for 


yay 7 
two composable differentiable functions then their differentials satisfy 


d(g° f) = (dg) ° df) - 


Proof. All statements are to be tested on charts of an atlas for X and for Y. On these charts 
the statement reduces to that of example 11.32. IJ 
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Remark 11.37. (tangent functor) 


In the language of category theory (remark 3.3) the statement of prop. 11.36 says that 
forming tangent bundles TX of differentiable manifolds X and differentials df of 
differentiable functions f:X — Y constitutes a functor 


T : Diff — Vect(Diff) 


from the category Diff of differentiable manifolds to the category of differentiable real 
vector bundles. 


Definition 11.38. (vector field) 


Let X be a differentiable manifold with differentiable tangent bundle TX — X (def. 11.34). 


A differentiable section v:X > TX of the tangent bundle is called a (differentiable) vector 
field on X. We write ['(TX) for the real vector space of tangent vector fields on X. 


Remark 11.39. (notation for tangent vectors in a chart) 


Under the bijection of lemma 11.30 one often denotes the tangent vector corresponding to 
the the i-th canonical basis vector of R” by 


Axl orjust 0; 
because under the identification of tangent vectors with derivations on the algebra of 
differentiable functions on X as above then it acts as the operation of taking the ith partial 
derivative. The general tangent vector corresponding to v € R” is then denoted by 


n 


n 
. O F 
>, v' Ant «OF just > v'd;. 


i=1 i=1 


Notice that this identification depends on the choice of chart, which is left implicit in this 
notation. 


Sometimes, notably in texts on thermodynamics, one augments this notation to indicate 
the chart being used by listing the remaining coordinate functions as subscripts. For 
instance if two functions f,g on a 2-dimensional manifold are used as coordinate functions 
for a local chart (i.e. so that x1 = f and x? = g ), then one writes 


(a/af), (8/89), 


for the tangent vectors oat and on respectively. 


Embeddings 


An embedding of topological spaces (def. 7.33) in an inclusion of topological spaces such that 
the ambient topology induces the included one. An embedding of smooth manifolds (def. 
11.41 below) is similarly meant to be an an inclusion of smooth manifolds, such that the 
ambient smooth structure induces the included one. In order for this to be the case we need 
that the tangent spaces include into each other. This is the concept of an immersion of 
differentiable manifolds (def. 11.40 below). 


It turns out that every connected smooth manifold embeds this way into a Euclidean space. 


This means that every “abstract” smooth manifold may be thought of as a sub-manifold of 
Euclidean space. We state and prove the weakest form of this statement (just for compact 
manifolds and without any bound on the dimension of the ambient Euclidean space) below as 
prop. 11.48. The strong form of this statement is famous as the Whitney embedding theorem 


(remark 11.49 below). 


Definition 11.40. (immersion and submersion of differentiable manifolds) 


Let f:X — Y be a differentiable function between differentiable manifolds. 


If for each x € X the differential (prop. 11.36) 


1. ...an injective function, then f is called an immersion of differentiable manifolds 


2. ...a surjective function, then f is called a submersion of differentiable manifolds. 


3. ...a bijective function, then f is called a /ocal diffeomorphism. 


Definition 11.41. (embedding of smooth manifolds) 


An embedding of smooth manifolds is a smooth function f:x © Y between smooth 
manifolds X and Y (def. 11.12) such that 


1. the underlying continuous function is an embedding of topological spaces (def. 7.33); 


2. f is an immersion (def. 11.40). 
A closed embedding is an embedding such that the image f(X) c Y is a closed subset. 
If X © Y is an embedding of smooth manifolds, then X is also called a submanifold of Y. 
Nonexample 11.42. (immersions that are not embeddings) 


Consider an immersion f : (a,b) > R? of an open interval into the 
Euclidean plane (or the 2-sphere) as shown on the right. This is not a 
embedding of smooth manifolds: around the points where the image 
crosses itself, the function is not even injective, but even at the points 
where it just touches itself, the pre-images under f of open subsets of 
R? do not exhaust the open subsets of (a,b), hence do not yield the 
subspace topology. 


B i. As a concrete f | 
———~ | ~~ examples, consider 
: ‘the function qx“ 


¢ = (sin(2 —),sin(—)) : (-2,2) > R’. 


1 0 bd 
( | aie While this is an immersion and injective, 
it fails to be an embedding due to the 
points at t = +7 “touching” the point at 
t=0: 


Every open neighbourhood in R? which contains the origin (0,0) also contains the image 
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o((—7, —m + €) U (a —€,7)) for some e and hence in the subspace topology on 
(—1, 7) © athbb R* none of the intervals (—6,5) ¢ (—z,7) is open, contrary to the actual 
Euclidean topolgy on (—7,7). 


graphics grabbed from Lee 


Proposition 11.43. (proper injective immersions are equivalently the closed 
embeddings) 


Let X and Y be smooth manifolds (def. 11.12), and let f:X > Y be a smooth function. Then 
the following are equivalent 


1. f is a proper injective immersion (def. 8.12, def. 11.40); 


2. f is a closed embedding of smooth manifolds (def. 11.41). 


Proof. Since topological manifolds are locally compact topological spaces (prop. 11.2), this 
follows directly since injective proper maps to locally compact spaces are equivalently the 
closed embeddings by prop. 7.35. ff 


We now turn to the construction of embeddings of smooth manifolds into Euclidean spaces 
(prop. 11.48 and remark 11.49 below). To that end we need to consider smooth partitions of 
unity, which we discuss now (prop. 11.47 below). 


Since manifolds by definition are paracompact Hausdorff spaces, they admit subordinate 
partitions of unity by continuous functions (by prop. 9.35). But smooth manifolds even admit 
partitions of unity by smooth bump functions: 


Definition 11.44. (bump function) 


A bump function is a function on Cartesian space R”, for some n € R with values in the real 
numbers R 


b:R"—-R 
such that 
1. b is smooth (def. 11.10); 


2. b has compact support (def. 9.32). 


The main point of interest about bump functions is that they exist, their precise form is 
usually not of interest. Here is one of many ways to obtain examples: 


Example 11.45. (a class of bump functions) 


For every closed ball B,,(€) = {x € R" | ||x — xo|| < €} C R” (def. 1.2) there exists a bump 
function b:R” > R (def. 11.44) with support Supp(b) = Cl(b~*((0, ))) being that closed ball: 


Supp(b) = By (€) . 
Proof. Consider the function 
@:R"—-R 


given by 
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1 
ep(gqra) | lel<a 


P(x) = 


0 | otherwise 


By construction the support of this function is the closed unit ball at the origin, 
Supp(?) = Bo(1)- 


We claim that @ is smooth. That it is smooth away from r := ||x|| = 0 is clear, hence 
smoothness only need to be checked at r = 0, where it amounts to demanding that all the 
derivatives of the exponential function vanish as r > 0. 


$(e(=4))- eos). 


This clearly tends to zero as r > 1. A quick way to see this is to consider the inverse function 
and expand the exponential to see that this tends to 0 asr—-1: 


ae. 1 Sy eel 1 
tf iar nl 2r. (1—r’y" 


n=0 


But that is the case since 


The form of the higher derivatives is the same but with higher inverse powers of (r? — 1) and 
so this conclusion remains the same for all derivatives. Hence @ is smooth. 


Now for arbitrary radii « > 0 define 
b,(*) = b(x/e) . 
This is clearly still smooth and Supp(¢,) = Bo(e). 
Finally the function x + ,(x — x9) has support the closed ball B,,(e). Hl 


We want to say that a smooth manifold admits subordinate partitions of unity by bump 
functions (prop. 11.47 below). To that end we first need to see that it admits refinemens of 
covers by closed balls. 


Lemma 11.46. (open cover of smooth manifold admits locally finite refinement by 
closed balls) 


Let X be a smooth manifold (def. 11.12) and let {U; < X} 
exists cover 


be an open cover. Then there 


iel 


vj 
{Bote DVic x| 


ieJ 


which is a locally finite refinement of {U; ¢ X},., with each patch diffeomorphic to a closed 


ball (def. 1.2) regarded as a subspace of Euclidean space. 


Proof. First consider the special case that X is compact topological space (def. 8.2). 


Let 


a; 
{Rr hy, <x} 
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be a smooth atlas representing the smooth structure on X (def. 11.16) (hence an open cover 
by patches which are diffeomorphic to standard Euclidean space). The intersections 


{Uin Vie 

still form an open cover of X. Hence for each point x € X there is ie J and j € J with x EU; NV;. 
By the nature of the Euclidean space metric topology, there exists a closed ball B, around 

¢; @) in o; Ui NV;) CR". Its image ¢,(B,) c X is a neighbourhood of x € X diffeomorphic to 
a closed ball. 


The interiors of these balls form an open cover 


{Int(B,.) c X} 


xEX 


of X which, by construction, is a refinement of {U; c X},_,. By the assumption that X is 
compact, this has a finite subcover 


{Int(B,) ¢ 4 aan 


for L a finite set. Hence 


{B,C 4 
is a finite cover by closed balls, hence in particular locally finite, and by construction it is still 
a refinement of the orignal cover. This shows the statement for X compact. 


Now for general X, notice that without restriction we may assume that X is connected (def. 
7.1), for if it is not, then we obtain the required refinement on all of X by finding one on each 
connected component (def. 7.8), and so we are immediately reduced to the connected case. 


But, by the proof of prop. 11.6, if a locally Euclidean paracompact Hausdorff space X is 
connected, then it is sigma-compact and in fact admits a countable increasing exhaustion 


Vo CV, CV2 C=: 


by open subsets whose topological closures 


Kj CK, CK, Cc: 
exhaust X by compact subspaces K,,. 
For n € N, consider the open subspace 

Vat2\Kn-1 © X 


which canonically inherits the structure of a smooth manifold by example 11.21. As above we 
find a refinement of the restriction of {U; < X},., to this open subset by closed balls and since 


the further subspace K,,, \ Ky, is still compact (example 8.8) there is a finite set L, such that 
(Bi, © Vnt2 \Kn-1 © X}, ex, 

is a finite cover of K,,1 \ Kn by closed balls refining the original cover. 

It follows that the union of all these 


(Bi, X} he Niln Elin 
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is a refinement by closed balls as required. Its local finiteness follows by the fact that each 
B,, is contained in the “strip” V2 \ Kn—1, each strip contains only a finite set of B,,-s and 


each strip intersects only a finite number of other strips. (Hence an open subset around a 
point x which intersects only a finite number of elements of the refined cover is given by any 
one of the balls B,, that contain x.) 


Proposition 11.47. (smooth manifolds admit smooth partitions of unity) 


Let X be a smooth manifold (def. 11.12). Then every open cover {U; ¢ X},_, has a 
subordinate partition of unity (def. 9.32) by functions {f ,:U; > R},., which are smooth 
functions. 


Proof. By lemma 11.46 the given cover has a locally finite refinement by closed subsets 
diffeomorphic to closed balls: 


ai 
Bo(E)) > Vi, CX 
7 jes 


Given this, let 


be the function which on V, is given by a smooth bump function (def. 11.44, example 11.45) 
with support supp(b;) = Bo(e;): 


ae oO | eV, 


0 | otherwise 


By the nature of bump functions this is indeed a smooth function on all of Xx. By local 
finiteness of the cover by closed balls, the function 


h:X—-R 


given by 


nee) = hy) 


jes 


is well defined (the sum involves only a finite number of non-vanishing contributions), non 
vanishing (since every point is contained in the support of one of the h;) and is smooth (since 
finite sums of smooth functions are smooth). Therefore if we set 


hy 
fj = Pa 
for all j € J then 


is a subordinate partition of unity by smooth functions as required. 


Now we may finally state and prove the simplest form of the embedding theorem for smooth 
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manifolds: 
Proposition 11.48. (weak embedding theorem) 


For every compact (def. 8.2) smooth manifold X of finite dimension (def 11.12), there 
exists some k € N such that X has an embedding of smooth manifolds (def. 11.41) into the 
Euclidean space of dimension k, regarded as a smooth manifold via example 11.17: 


embd k 
+R 


Proof. Let 


{R” ue U;,C hie; 
be an atlas exhibiting the smooth structure of X (def. 11.16), hence an open cover by 
pathces diffeomorphic to Euclidean space. By compactness there exists a finite subset J cI 
such that 


OF 
{R" 3 U; ¢ X} 


iescl 
is still an open cover. 


Since X is a smooth manifold, there exists a partition of unity {f, € C°(X, R)}iey subordinate to 
this cover (def. 9.32) with smooth functions f, (by prop. 11.47). 


This we may use to extend the inverse chart identifications 
X> U; * R" 
to smooth functions on all of X 
b,: XR" 


by setting 


=> 


fv) | xeUEX 
Xb 


. 0 | otherwise 


The idea now is to use the universal property of the product topological space to combine all 
these functions to obtain an injective function of the form 


Die, 7 xo CR”)! ~ Rr ; 


This function is an immersion: On the interior of the support of the bump functions the 
-1 
product functions f; -w, have smooth inverses *i_ and therefore their differentials have 


U 


vanishing kernel. 


Hence it remains to see that the function is also an embedding of topological spaces. 


Observe that it is an injective function: If two points x,y € X have the same image, this 
means that they have the same image under all the f, -,. But where these are non- 
vanishing, they are bijective. Moreover, since their supports cover X, not all of them vanish 
on x and y. Therefore x and y must be the same. 
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Hence we have an injective immersion. With this prop. 7.34 says that it is now sufficient to 
show that we also have a closed map. But this follows generally since X is a compact 
topological space by assumption, and since Euclidean metric space is a Hausdorff topological 
space (example 4.8), and since maps from compact spaces to Hausdorff spaces are closed 


and proper (prop. 8.29). i 
Remark 11.49. (Whitney embedding theorem) 


The Whitney embedding theorem (which we do not prove here) strengthens the statement 
of prop. 11.48 in two ways: 


1. it applies to non-compact smooth manifolds with a countable set of connected 
components; 


2. it gives the upper bound of 2n on the dimension of the ambient Euclidean space (for 
embedding of n-dimensional manifolds) which turns out to be the minimal ambient 
dimension such that all n-manifolds have an embedding. 


This concludes Section 1 Point-set topology. 


For the next section see Section 2 -- Basic homotopy theory. 
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e mapping cone, mapping cocone 
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© paracompact Hausdorff spaces equivalently admit subordinate partitions of unity 


e closed injections are embeddings 


® proper maps to locally compact spaces are closed 


injective proper maps to locally compact spaces are equivalently the closed embeddings 


locally compact and sigma-compact spaces are paracompact 
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